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The baryon magnetic and transition magnetic moments are computed in heavy baryon chiral perturbation 

1/2 

theory in the large- N c limit, where N c is the number of colors. One-loop nonanalytic corrections of orders m q 
and m q In m q are incorporated into the analysis, where contributions of both intermediate octet and decuplet 
baryon states are explicitly included. Expressions are obtained in the limit of vanishing baryon mass differences 
and compared with the current experimental data. Furthermore, a comparison with conventional heavy baryon 
chiral perturbation theory is carried out for three light quarks flavors and at the physical value N c — 3. 
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I. INTRODUCTION 



From the theoretical point of view, the study of the magnetic moments of baryons presents an opportunity to shed light on an 
accurate test of QCD in the same way the magnetic moments of the electron and muon provided an accurate test of QED in the 

1 past. There are an important number of works focused on the analysis of baryon magnetic moments; the approaches include, 

| among others, the quark model (and its variants) 01 IH IH S 0L QCD sum rules | E l9ifl0l[Tlll, the 1/iVe expansion, where 
7^! N c is the number of colors id QJ, 0, H, chiral perturbation theory |H [nl E Ql laaMllIi Q |H and lattice 
O i' gauge theory l27ll . to name but a few. The 1 /N c expansion and chiral perturbation theory, on general grounds, have had a major 
1} , impact on the extraction of the low-energy consequences of QCD. 

On the one hand, the generalization of QCD from N c = 3 to N c 3 colors, referred to as the large-iV c limit, provides a 
framework for studying the nonperturbative QCD dynamics of hadrons. Specifically, in the large-iV c limit, the baryon sector 
of QCD possesses an exact contracted SU(2JV/) spin-flavor symmetry, where Nf is the number of light quark flavors l|28 i [29 [l . 
The spin-flavor structure for baryons for finite N c is thus given by analyzing 1/N C corrections to the large-iV c limit 11281 [2911 . 
Apart from the calculation of baryon magnetic moments, the 1 /N c expansion has also been successfully used in the calculation 
of other static properties of baryons such as masses J28l |29[ H3, HH and vector and axial- vector couplings lfl3i l28l l29i l32l l33ll . 
Most calculations include corrections of relative order 1/N%, and even of relative order l/Nj? in the case of baryon masses, for 
two and three light quark flavors. The impact of the 1 /N c expansion in the calculation of baryon static properties can be assessed 
by comparing its predictions with experiment, which are in overall good agreement. 

On the other hand, heavy baryon chiral perturbation theory ll34l l35ll is another formalism that has been implemented to 
systematically compute the properties of baryons. In this formalism, the expansion of the baryon chiral Lagrangian is in powers 
of m q and 1/Mb, where Mb is the baryon mass (for a recent review on chiral perturbation theory see for instance Ref. IB6I0 . 
The effective Lagrangian thus obtained can be used to compute chiral logarithms in the effective theory, yielding to a remarkable 
computational simplicity because there are no gamma matrices left. One of the earliest applications of heavy baryon chiral 
perturbation theory can be found in the computation of one-loop corrections to the leading axial-vector couplings in baryon 
semileptonic decays ll34l l35ll . An important result derived from this analysis was the observation of large cancellations in 
the loop corrections between graphs with intermediate spin- 1/2 octet and spin-3/2 decuplet baryon states. These cancellations 
occur as a consequence of the spin-flavor symmetry which is present in the large- N c limit, and have already been proven both 
phenomenologically and analytically Ill3ll29ll37ll38ll . 

A further theoretical improvement has been achieved through a combined expansion in 1/N C and chiral corrections 
11391 l40l l4lll . which can constrain the low-energy interactions of baryons with the meson nonet more effectively than either 
approach alone. In particular, in Ref. 114 ill a 1/N C expansion of the chiral Lagrangian for baryons was proposed and applied 
to the calculation of the flavor-27 nonanalytic meson-loop corrections to the baryon masses. A more recent application of this 
formalism can be found in the renormalization of the baryon axial-vector current 13711 . 

The earliest attempts of computing corrections to baryon magnetic moments beyond tree level in chiral perturbation theory 
can be traced back to the works of Caldi and Page ls fljsll. Gasser, Sainio and Svarc Ill7ll and Rrause |[T8"tl . Relatively more recent 
analyses can be found in Refs. (H, [H |H |H 0, IHHrl . 

The one-loop corrections to baryon magnetic moments have leading nonanalytic dependences on the quark masses and fall 

into two classes, namely, m^ 2 and m q him q . Caldi and Pagels iflrjll focused on calculating what were supposed to be the 

1/2 

leading corrections, namely, those of order m s , and concluded that, in general, the corrections turned out to be at least as large 
as the zeroth-order contribution so that the perturbation expansion would break down. In turn, Gasser et. al. [ 17] reanalyzed 
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these corrections whereas Krause [18] dealt with the logarithmic term, namely, m s bm s . Afterwards, Jenkins et. al. lfl9ll 
reexamined the problem in the framework of heavy baryon chiral perturbation theory, including explicitly contributions of both 
intermediate octet and decuplet baryon states. Contrary to expectations, it was found that the inclusion of the decuplet did not 
produce appreciably better agreement with the data than the case when only the octet was included. In other words, the large 
cancellations observed in the one-loop corrections to the baryon axial-vector current when both octet and decuplet intermediate 
baryon states are included would not occur in the magnetic moments. It was argued that there could be some evidence that 
chiral perturbation theory overestimated the size of the kaon loops so it was proposed compensating such an effect by using the 
one-loop corrected axial-vector couplings rather than the tree-level ones. 

Meissner and Steininger [21] also tackled the problem in the context of heavy baryon chiral perturbation theory but included 
all the terms up to order 0(q 4 ). They thus took into account 1/Mg corrections and contributions of certain double derivative 
operators which occur to this order. They however did not include the decuplet explicitly in the analysis; rather, its effects were 
considered by computing its contributions to some low-energy constants. Durand and Ha [22], in turn, performed the calculation 
in the same context of Ref. 01911 . emphasizing the role of the decuplet-octet mass difference; they found that there was not clear 
evidence of the convergence of the chiral series. Puglia and Ramsey-Musolf [23] performed an analysis similar to the one of 
Ref. lf2lll . but included the decuplet explicitly and retained only nonanalytic one-loop corrections. Finally, Geng et. al. I25II26I1 . 
using covariant perturbation theory, found small loop corrections leading to an improvement over the SU(3) description. 

All in all, the analyses performed over the past decade and a half about baryon magnetic moments have yielded a number of 
interesting conclusions, some of them in contradiction with the others. We would like to highlight, however, the role the decuplet 
plays as an intermediate state in the one-loop graphs. 

In the present paper, we will confine our attention to the calculation of baryon magnetic moments in a simultaneous expansion 
in m q and 1 /N c at one-loop order. The starting point will be the fact that, in the large- N c limit, the baryon magnetic moment and 
the baryon axial-vector current share the same kinematical properties so that they can be described in terms of the same operators. 
Thus, for the main aim of the analysis we will use the formalism introduced in Ref. 114 111 and follow a close parallelism with 
the analysis of Ref. [37]. In this latter reference, the axial-vector form factor cja, which enters into play in baryon semileptonic 
decays, was computed at one-loop order and compared, for Nf = 3 and at the physical value N c = 3, with the corresponding 
one obtained in the framework of conventional heavy baryon chiral perturbation theory, i.e., the effective field theory with no 
1 /N c expansion. The agreement observed, order by order, was remarkable. 

We need to point out that, in Ref. |40ll, a similar analysis within the combined expansion has already been performed, based 
on the formulation implemented in Ref. [39], so we will pin down the similarities and/or differences of this approach with ours. 

We have organized this paper as follows. In Sec. [II] we provide in broad terms an overview of the formalism on large-iV c 
baryons in order to bring out the essential features of it. Our notation and conventions will be introduced accordingly. In Sec. Hill 
we construct the 1/N C expansion of the baryon magnetic moment operator and then use it to obtain the tree-level values of the 
magnetic moments of the octet and decuplet baryons and the allowed octet-octet and decuplet-octet transitions. A total of 27 
magnetic moments are obtained at this level. In Sec. [IV]we turn to the computation of one-loop nonanalytic corrections of the 
types m^ 2 and m q In m q , to relative order 0(1/N^). In Sec.[V]we compare the results obtained in the combined expansion with 
the ones obtained in the framework of heavy baryon chiral perturbation theory. The comparison is carried out by establishing 
the relations existing between the parameters of the 1 /N c expansion and the invariant couplings of the chiral expansion. We 
devote Sec. [VI] to performing a detailed numerical comparison of our expressions with the available experimental data 1I42T] 
by means of a least-squares fit. The best-fit parameters are then used to make some predictions of the unmeasured magnetic 
moments. Finally, in Sec. IVIII we present a summary as well as the main conclusions of the study. We complement the paper 
with two appendices which contain the reduction of all the baryon operators that appear to relative order Q(l/N^), for Nf and 
N c arbitrary. 



II. OVERVIEW ON LARGE- N c BARYONS 



For a detailed outline of the formalism on large- N c baryons and all the mathematical groundwork, which contains a formidable 
amount of group theory, we refer to the original works ll28il29ll4lll . while we restrict us here to a short description of the method 
and to introduce our notation and conventions. 

First of all, the static baryon matrix elements of a QCD operator have a 1/N C expansion of the form 1I29I1 

QC n=N c J2dnj^O ni (1) 

n c 

where the various C„'s are independent operators which transform according to the same spin®flavor representations as Oqcd- 
For finite N c , the sum on n in Eq. ([TJ is over < n < N c so that a given O n is termed an n-body operator, which can be written 
as a monomial of degree n in the baryon spin-flavor generators. On the other hand, each unknown operator coefficient d n (l/N c ) 
has an expansion in 1 /N c beginning at order unity. The factor 1/iV" is required since each spin-flavor generator in an nth-order 



3 



operator product 0„ comes along with a factor of 1/N C . Additionally, the overall factor of N c arises because a QCD 1-body 
operator has matrix elements that are at most of order 0(N C ) when inserted on all quark lines on the baryon l29ll . 

Specifically, for Nf = 3, the large- N c spin-flavor symmetry for baryons is generated by the baryon spin, flavor and spin-flavor 
operators J k , T° and G kc , respectively, which can be written for large but finite N c as 1-body quark operators acting on the 
A c -quark baryon states M29I1 as 



Jk = E ?£( t ® 1 ) qa 



TC = £4 )?«. (2) 

c fcc = E^(t tK 

a ^ ^ 

where an( j g Q are operators that create and annihilate states in the fundamental representation of SU(6) and the index a sums 
over the N c quarks. In addition, a k and A c are the Pauli spin and Gell-Mann flavor matrices, respectively, where the spin index k 
runs from one to three and the flavor index c runs from one to eight. Throughout this paper, unless explicitly noticed otherwise, 
the square of the spin operator is given by J 2 = J r J r , where the ordinary convention of summing over repeated indices is 
adopted. No confusion is expected to arise from this. Without loss of generality, the baryon matrix elements of the spin-flavor 
generators (O can be taken as the values in the nonrelativistic quark model, so this convention is usually referred to as the quark 
representation in the literature l29ll . 

Analyzing the N c dependence of operator products appearing in the 1/N C expansion (fl]i is not an easy matter due to the fact 
that the operator matrix elements have a different N c dependence in different parts of the flavor weight diagrams [29]. The 
N c dependence of the operator products is ultimately obtained by analyzing the N c dependence of the matrix elements of the 
baryon spin-flavor generators J k , T c , and G kc in the weight diagrams for the SU(3) flavor representations of the spin- 1/2 and 
spin-3/2 baryons. In Ref. ll38ll . a naive 1/N C counting rule was implemented. However, on a more detailed level, baryons 
with spins of order unity have matrix elements of the flavor generators T c that are 0(1), 0(^/N c ), and 0(N C ) for c — 1,2, 3, 
c = 4,5, 6, 7, and c = 8, respectively, and matrix elements of the spin-flavor generators G kc that are 0(1), 0(\fW c ), and 0(N C ) 
for c = 1, 2, 3, c = 4, 5, 6, 7, and c = 8, respectively. Thus, factors of t£/N c and G kc /N c are of order 1 somewhere in the 
weight diagram, whereas factors of J k /N c are of order l/N c everywhere Il29ll . 

As an illustrative example of the l/N c expansion for a baryon operator, let us consider the baryon axial-vector current A kc , 
which is a spin-1 object, an octet under SU(3), and odd under time reversal. The 1/N C expansion of A kc can thus be written as 

m 

A kc = «iG fec + ]T h n — l V k : + £ c n — T O kc , (3) 

n=2,3 iVc n=3,5 lyc 

where eii, b n , and c„ are unknown coefficients. The T> kc are diagonal operators with nonvanishing matrix elements only between 
states with the same spin, and the O kc are purely off-diagonal operators with nonvanishing matrix elements only between states 
with different spin. The first few terms in expansion (f3]l read 

V\ c = J k T c , (4) 
Q kc = e «fe{ji jG !ic} =i[j2 j G kc ], (5) 

V kc = {J k ,{J r ,G rc }}, (6) 
1 

r 



O kc = {J 2 ,G kc }- -{J k ,{J r ,G rc }}, (7) 



whereas successive higher order operators are obtained as V kc = { J 2 , V kc _ 2 } and O kc = {J 2 , O kc L 2 } for n > 4. The operators 
0^, for m even, are forbidden in expansion (0 because they are even under time reversal. At the physical value N c = 3 the 
series can be truncated as 



A kc - ai G kc + b 2 ±-V kc + h^V kc + c 3 -^O kc . (8) 

JS r Nf. Nf. 



The matrix elements of the space components of A kc between SU(6) baryon symmetric states yield the actual values of the 
axial-vector couplings. For octet baryons, the axial-vector couplings are as usually defined in baryon semileptonic decay 
experiments. After renormalization, w 1.27 IB7I1 for neutron /5-decay. 
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III. BARYON MAGNETIC MOMENTS AT TREE LEVEL 



The static properties of baryons can be determined from their couplings to the weak and electromagnetic currents. In particular, 
in this work, we will describe the magnetic moments in the context of large- N c chiral perturbation theory. 

In the large-iV c limit, the baryon magnetic moments possess the same kinematical properties as the baryon axial-vector 
couplings; as a result, the operators used to describe these quantities are practically identical [13!]. The baryon magnetic moment 
operator, likewise the baryon axial- vector current operator A kc , is a spin-1 object and an octet under SU(3). We will thus follow 
a close parallelism with the analysis of the renormalization of A kc performed in Ref. 13711 in order to achieve our goal. 

For definiteness, in analogy with Eq. ®, we construct the 1/N C expansion of the operator which yields the baryon magnetic 
moment as follows 

M kc = mi G kc + m 2 ^-V kc + m^Vf + m 4 ^O kc , (9) 

where we have truncated the series at the physical value 2V C = 3. If we assume SU(3) symmetry, the unknown coefficients m, 
are independent of k so they are unrelated to the ones of expansion ((H) in this limit. The magnetic moments are proportional to 
the quark charge matrix Q — diag(2/3, —1/3, —1/3), so they can be separated into isovector and isoscalar components, M k3 
and M k& , respectively. Accordingly, from Eq. (|9), we define the baryon magnetic moment operator as 

M k = M kQ ee M k3 + -^=M k8 . (10) 
\/3 

Hereafter, when computing matrix elements, the spin index k of M k will be set to 3 whereas the flavor index Q will stand for 
Q = 3 + (l/%/3)8 so any operator of the form X Q should be understood as X 3 + (l/y/3)X 8 . 

In actual calculations, the one-body operators T c and G lc , c = 3,8, appear quite often; these operators can be rewritten in 
terms of quark number and spin operators as 12911 

T 3 = ±(N U -N d ), (11) 
T 8 = -L=(N C -3N S ), (12) 

G 13 = \{Jl-J% (13) 
G' 18 = ^=(J l -ZJl), (14) 

where N c = N u + Nd + N s and J 1 = + J l d + J l s . The N c dependence of the operators involved in relations (fTT1i-(fT4li is now 
manifest. 

Let us now turn to evaluate the matrix elements of M k for octet (B) and decuplet baryons (T) and the allowed octet-octet and 
decuplet-octet transition magnetic moments. 



A. Magnetic moments of octet baryons at tree level 



The magnetic moments at tree level of the octet baryons and the transition S° A can easily be obtained by computing the matrix 
elements of M k between SU(6) symmetric states. 1 48 We would like to remark that an analysis of baryon magnetic moments 
in the l/N c expansion alone is presented in Ref. 1151 . The operator basis used in this reference is somewhat different from 
ours since operators up to relative order 0(1/ N^) are retained in the 1/N C expansion. We thus have performed an independent 
computation of the matrix elements of our operator basis and crosschecked those in common with the ones of Ref. B15I1 at 
N c = 3. All matrix elements agree, except for a change of sign of those corresponding to the transitions S°A and E*°A. This 
difference might come from a different choice of the phases of the baryon states and should not affect the calculations. At any 
rate, the matrix elements of the operators involved in Eq. (fTOb for octet baryons are listed in Table|T]for the sake of completeness. 

The tree-level value of the magnetic moment of baryon B is defined here as = (B | M 3 1 B) , where the superscript attached 
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TABLE I: Nontrivial matrix elements of the operators involved in the magnetic moments of octet baryons at tree level. 



~^1T 

12 
1 

~4 

_5 

~4 
3 

8 
15 
8 

1 

V3 
4 

V3 

4 
3_s/3 

8 
3^3 

8 



P 

12 
1 

4 
5 

4 
3 

8 

15 
8 
1 

4^3 
V3 
4 

V3 

4 
3_v/3 

8 
3^3 



3 
1 

~2 
-1 

3 
4 
3 
~2 
1 

2\/3 


V3 
2 



3^3 
4 





i 

2^/3 


V3 
2 



3^3 



E+ 

— I — 

3 
1 

2 
1 

3 
4 
3 
2 
1 

271 


V3 
2 



3\/3 



12 
1 

~4 
1 



4 

V3_ 

4 
3^3 

4 
3_s/3 

8 
9%/3 

8 



r~ 

"12 
l 

4 

1 



~7T 

4 

v/3 

4 
3^3 

4 
3^/3 

8 
9^3 

8 



A 







~~ 1 

2^3 


V3 
2 



3^3 
4 



AE 
— I — 

2\/3 


v/3 
2 



3%/3 
4 





to [1b denotes the tree-level value and M 3 refers to the third component of M k . For Nf — N c = 3, the various fig read 

1,(0 - 1 1 

u {0) - 

Ma - 

fi s o - 
(0) 

m s + : 

(0) 

Me- : 

(0) 

Ms- : 

(0) 

Maeo 

Let us observe that, for baryon octet states, the matrix elements of the operators vanish whereas the matrix elements 
of the operators T>^, with n > 3, are directly proportional to the matrix elements of G k ® and 2? 2 for n odd and even, 
respectively. Accordingly, we can define mi = mi + ma/3 in Eqs. ( fl~5l ) in such a way that we are left with only two parameters, 
raj and 7712, to parametrize the tree-level values, in complete agreement with the analysis performed in the framework of heavy 
baryon chiral perturbation theory [19], which does so in terms of the two couplings fijj and fip. We will deal with this issue 
in subsequent sections, but at any rate, we purposely keep for completeness the four parameters m^ as they are introduced in 
Eq. ©. 



= — mi m-i, 

3 9 3 ' 


(15a) 


1 1 1 

= —mi H — mo H — m-i, 

2 1 6 6 3 ' 


(15b) 


1 1 

= — mi m-K, 

6 18 5 

1 1 

= —mi H ma, 

6 18 ' 

1 1 1 

= + e m2 + c TO 3' 

2 6 6 


(15c) 


(15d) 


(15e) 


1 1 1 

= mi mo m-i, 

6 6 18 ' 


(15f) 


1 1 

= — mi m^, 

3 9' 


(15g) 


111 

= mi mo ma, 

6 6 18 


(15h) 


V3 v/3 

= mi H mi. 

6 18 3 


(15i) 
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TABLE II: Nontrivial matrix elements of the operators involved in the magnetic moments of decuplet baryons at tree level. 



A ++ 


A+ 


A" 


A~ 


E* + 


E*° 




1— .*0 


S 


n~ 




1 











1 









i 

4 


4 


A 

4 


A 

4 


Z 


I 


i 

4 


4 


9 


3 


3 


9 


3 





3 


3 


3 





4 


4 


~4 


~4 


2 


_ 2 


4 


~4 


45 


15 


15 


45 


15 





15 


15 


15 





4 


4 


4 


4 


2 


2 


4 


4 


135 


45 


45 


135 


45 


o 


45 


45 


45 


Q 


8 


8 


8 


8 


4 


4 


8 


8 


675 


225 


225 


675 


225 





225 


225 


225 





~8~ 


~8~ 


8~~ 


8~ 




i~ 


~8~ 


8~ 


V "J 


V3 


V *J 


V "J 











V «J 


73 


x/3 

V « 




~T 






4~ 


4~ 


2~ 




3V3 


3\/3 


3\/3 











3^3 


3^3 


3^3 


~T~ 


~1~ 






4 


4 


2 


15^3 


15^3 


15^3 


15^3 











15%/3 


15^3 


15^3 


4 


4 


4 


4 


4 


4 


2 


45 sfl 


45%/3 


45\/3 


45\/3 











45^3 


45^3 


45^3 


8 


8 


8 


8 








8 


8 


4 


225^3 


225^3 


225^3 


225^3 











225^3 


225^3 


225^3 



From Eqs. ( fl~5l l. we readily verify that the Coleman-Glashow relations J43|, valid in the SU(3) limit, are fulfilled, namely, 



a4°I = 


(0) 

Mp . 


(0) , 

Ms- + 






(0) 


(0) 


(0) 

Me-, 


4°o } = 


u (0) 


2// 0) 

z A t AS° 





(16) 



along with the isospin relation 



$>-2$+$>=0. (17) 



It is important to remark that relations ( fl~6*l i and (jT7j are valid to all orders in the 1 /N c expansion. Indeed, this must be the 
case since these relations were derived using SU(3) symmetry only. 

Besides, let us also notice that the SU(6) prediction iRill . 3/Lt^ u(6) + 2^ u<6) = 0, in our approach is written as 

3^)4-2^) = ^, (18) 

i.e., it picks up a correction of relative order 0(1/N C ), but stills holds at leading order in the l/N c expansion. |4' 

B. Magnetic moments of decuplet baryons at tree level 



The magnetic moments of the decuplet baryons at tree level, ^r T ' — (T\M 3 \T), are given by using the matrix elements of the 
corresponding operators listed in Table [TT1 For Nf = N c = 3 they read 
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(°) I 5 

/l« a 4 + = mi+m 2 + -m 3 , 


(19a) 


(0) 1 ,1 5 
A 2 2 6 


(19b) 




(19c) 


(o) 1 1 5 
Ma- = ~2 TOl ~~ 2 W2 ~ 6 m3 ' 


(19d) 


(0) 1 , 1 ,5 
M E .+ — + 6 m3 ' 




(o) 1 1 5 
— 2 2 6 




A = o, 


(19g) 


/4°2o = o, 


(19h) 


(o) 1 1 5 

/i„ , = mi m 2 TO3, 

p a . 2 2 6 


(19i) 


(0) 1 1 5 
Mn- = -2 m i - 2™ 2 ~ 6 m3, 


(19j) 



A quick glance at Eqs. ( [T9t allows us to anticipate that the values listed are consistent with the ones obtained in the framework 
of heavy baryon chiral perturbation theory [19], where they are given in terms of a single invariant /j,c, with a normalization 
such that the magnetic moment of the zth decuplet baryon of electric charge is qi\ic nuclear magnetons. 

At this point we can verify that the isotensor combinations of magnetic moments with 1 = 2 and 1 = 3, introduced in 
Ref. [15], hold at tree level. For 1 = 2 one has 



and 



whereas for 1 = 3 



^ ++ - ^1-^1+^1=0, (20) 



^1-2^1 +/ 41=0, (21) 



- 3/4°! + 3^1 - M i 0) - = 0. (22) 



Finally, the SU(6) prediction /x™ (6) + /^ u(6) = JH becomes 

u (°) +u (0) ^_^2_6m3 

which remains valid to leading order but not to subleading orders in the 1/N C expansion. 

C. Baryon decuplet to octet transition magnetic moments at tree level 

Expression ( TTOb can also be used to obtain the tree-level values of the baryon decuplet to octet transition magnetic moments 

(0) _ 



by reading off the matrix elements of the pertinent operators displayed in Table [TTT] These values, denoted here by a 
(T\M 3 \B), can be expressed as 



TB 
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TABLE III: Nontrivial matrix elements of the operators involved in the decuplet to octet transition magnetic moments at tree level. 



A+p 



E*°A 



E*°E° 



E* + E^ 



E*"E" 



<G 33 } 


V2 


V2 


1 





1 


1 


1 


1 


3 


3 




372 


3V2 


3^2 


371 




3 


3 


3 fs 





3 


3 


3 


3 


y/2 


V2 


2V 2 


2V2 


2^2 


2V2 


2^2 


{Of) 


27 


27 


27 [3 





27 


27 


27 


27 


2V2 


2V2 


4 V 2 


4V2 


4V2 


4^2 


4V2 



(G* 38 ) 
<0 38 > 
(Of) 



3 I3_ 
2 V 2 
27 /3 
TV 2 



3 /3 
2 V 2 
27 /3 
TV 2 



V6 

3 /3 
2 V 2 
27 /3 

4 V 2 



V6 
3 /J 
2 V 2 
27 /3 
TV 2 



3 

2^2 
27 

4^2 



(0) v2, 1 

Va+p = ~§"( TOl + 2 m4 ' ) ' (24a) 

\/2 1 

Ma°« = -^-( TO i + o TO 4), (24b) 



3 v 2 

7I (mi + 2' 



Ms2o A = — 7^( m i + ^ m 4), (24c) 



M^o B o = ^/|( TOl + ^™ 4 )' (24d) 
y/2 1 

/u£2+ E + = — ( m i + 2 m 4), (24e) 



/4°i- E - - 0. ( 24f ) 

/2 1 

Mi ?-^- = 0. (24h) 



Notice that Eqs. ( 124-b can be reexpressed in terms of a single invariant (Jsr JT^l, in agreement with heavy baryon chiral 
perturbation theory results. 

On the other hand, let us notice that /Zj?2 s = (%*s> which follows from U -spin symmetry at this order. 



Following Ref. 11511 . the isotensor combinations of transition magnetic moments for 7 = 2 read 



and 



/4° } +s+ - 2ft® 0& + /^-s- = 0. (26) 



IV. ONE-LOOP CORRECTIONS TO BARYON MAGNETIC MOMENTS 

Having acquired the necessary physical motivation and mathematical tools, we are now ready to deal with baryon magnetic 
moments beyond tree level. The aim of this section is to provide a complete analysis of corrections to these observables at 
one-loop order in the framework of heavy baryon chiral perturbation theory in the large-7V c limit. These corrections arise from 
the Feynman diagrams depicted in Figs. Q] and [2] The computation of the baryon operator structures involved in each diagram for 
finite N c (specifically for N c = 3) is presented in detail in this section. Computations at larger N c are less interesting physically 
and are by far more complicated to extrapolate to N c = 3 due to the participation of unphysical baryons as intermediate states 
in the loops j45ll . We need, however, to emphasize that the approach we implement here has been simplified by working in the 
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degeneracy limit A = Mt — Mb — > 0, where Afy and Afg are the SU(3) invariant masses of the decuplet and octet baryon 
multiplets, respectively. In the large-7V c limit, although the mass of each baryon is order 0(N C ), A is order 0(l/N c ), so our 
assumption is a reasonable one. We now proceed to analyze each diagram separately. 



(a) (b) 



(e) (d) 



(e) (f) 

1/2 

FIG. 1: Feynman diagrams which yield nonanalytic rn q corrections to baryon magnetic moments. Dashed lines denote mesons and single 
and double solid lines denote octet and decuplet baryons, respectively. 



1/2 

A. Nonanalytic corrections of order m q ' 

The Feynman diagrams depicted in Fig.Q]contribute to order 0(iriq ) to baryon magnetic moments. Previous works lfl3ll40ll 
have pointed out that this contribution should be the dominant source of SU(3) breaking. This diagram involves ir and K 
emission and reabsorption only (the 77 meson does not contribute). For degenerate heavy baryons interacting with mesons, the 
diagram depends on a function /(mn) of the meson mass mn, which is obtained by performing the Feynman loop integration. 
Thus, in the A — > limit, this diagram can be written as 115 Oil 

Moop 1 = e l ° k A ia A lb T a \ (27) 

where we have used A ia and A jb of Eq. ® at the meson-baryon vertices. Here r ab is an antisymmetric tensor which contains 
the integrals over the loops and has been discussed in detail in Ref. lH3ll : therefore, we briefly give an account of its main 
mathematical properties. 115 ill iT ab can be represented by a Hermitian matrix which is diagonal in a basis corresponding to 
particles of definite quantum numbers. This matrix has eight eigenvalues: four of them are zero and correspond to the four 
neutral mesons, two of them are equal and opposite eigenvalues ±J(m/f) corresponding to K , respectively, and the remaining 
two are equal and opposite eigenvalues ±I(m„) corresponding to 7r ± , respectively. Thus, r oh can be decomposed as [13] 

r afc = A Q rf + Air? + A 2 rf , (28) 

where the coefficients Ai are linear combinations of the functions I(m^) and /(m^) and read 

A = ^/K)+2/(m K )], (29a) 
Ai = ^[I(m n )-I(m K )l (29b) 
A 2 = -^[/K)-/K)], (29c) 
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FIG. 2: Feynman diagrams which yield nonanalytic m q In m q corrections to the magnetic moments of octet baryons. Dashed lines denote 
mesons and single and double solid lines denote octet and decuplet baryons, respectively. Although the wavefunction renormalization graphs 
are omitted in the figure for simplicity, they are nevertheless taken into account in the analysis. For decuplet baryons and decuplet-octet 
transitions the diagrams are similar. 



r ab = f abQ^ (3Qa) 

rf = f ab ®, (30b) 

pab jaeQ ^jbeS jbeQ ^aeS j^abe^eQS (30c) 

Let us stress that, although Tg b and T" b are both SU(3) octets, they have quite different physical interpretations. The former 
transforms as the electric charge whereas the latter also transforms as the electric charge but rotated by it in isospin space [13]. 
This can be better seen by considering 

— 1 / ' " " " \ 

T Q = T 3__ T 8 = | q _ 2 y 3 o J (31) 

In what follows any operator of the form X® should be understood as X 3 — (l/^/3)X s . One also should keep in mind than X® 
and X® fall into different octet representations. On the other hand, T?, b breaks SU(3) as 10 + 10 11311 . 

In the degeneracy limit A — > and retaining only the nonanalytic piec es in m q , the integral over the loop, which comprises 
the proper factors to give the correct dimensions, can be expressed as Il9ll 

I {mn) = ^j^M N m n , (32) 

where / ~ 93 MeV is the pion decay constant and Mn and mn denote the nucleon and the meson masses, respectively. When 
A is not neglected, the resulting function can be found in Eq. (28) of Ref. 11911 and will not be repeated here. 

Thus, the one-loop correction arising from Fig. [T]can be decomposed into the pieces emerging from the 8 and 10 + 10 
representations as follows, 



2/3 











-1/3 











-1/3 


1/3 










-2/3 


"1 








1/3/ 
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where the different contributions read 



Mkc *-iik ttabc xia Ajb 

8,loop L = e J A A ) 



(34) 



and 



rkc 

10+10, loop 1 



ecjbeS 



(35) 



For computational purposes, a free flavor index c has been left in Eqs. ( |34| > and ( f35T >. This free index can be set to Q = 
3 + (l/v3)8 once the operator reductions on the right-hand sides of such equations have been performed. 

Now, in the product operators such as e ijk j abc A ia A jh , ^jk^abe^ecSj^a^jb and SQ on f oun( j m g qs an( j ,[35^ tnere w ju 
appear up to six-body operators if we truncate the 1 /N c expansion of A kc at the physical value N c = 3. The leading order in 
1/N C is contained in the product t % ^ k j abc Q la Qi b and similar terms with two G's, which will be proportional to the square of 
a\, which is the leading parameter introduced in Eq. ([8j. The analysis of Ref. [40] is given to this order. In the present work we 
will proceed to compute not only leading but also subleading order terms. Because of the fact that the operator basis is complete 
ll29tl . the reduction is always possible. We, however, consider pertinent to work out terms up to relative order 0{\/N^), which 
implies evaluating products up to five-body operators in Eqs. d34l i and 1351 . The contributions ignored will be proportional to b\, 



Cg, and b 3 c 3 , which we consider small compared to the ones retained. 

The reduction of the operator products contained in Mg c and -^^0+10 
Gathering together partial results we find: 

(1) Flavor octet contribution 



to the order considered here are listed in AppendixlAl 



8, loop 1 



N c + 3 2 3 2(iV c + 3) 

.__ ai __ ai62 ___^ l6 



1 



iVc + 3 3 
^— a lC3 + -6 2 6 3 



3 
1 



kc 



+ ^a lC3 V k 4 c - ^b 2 c 3 O kc + Q(V 3 V 3 ). 



a\ - j^{^a\b 3 - 9aic 3 + 3b 



kc 



N + 3 3 
N c a x b 2 + (N c + 3)aife 3 H c — — a x c 3 + j^~b 2 c 3 



Oil 



(36) 



(2) Flavor 10 + 10 contribution 



111 111 ; 1 



1 2 2 h 



({T c , G k8 } - {G kc , T 8 }) - w a t b 2 ({G kc , {J r , G r8 }} - {G fe8 , { J r , G rc }}) 

1 V r 



' (2 ai 6 3 - aios) ({V k 2 c , {J r , G r8 }} - {Df, { J r , G rc }}) - -L {2a,b 3 + ai c 3 ) 



2N? 



2JV? 



({J 2 , {G kc , T 8 }} - {J 2 , {G fe8 , T c }}) - ^ b 2 c 3 ({J 2 , [G kc , { J\ G rS }]} - {J 2 , [G m , { J r , G rc }]}) 
:! b 2 c 3 ({[J 2 ,G kc ], {J r , G rS }} - {[J 2 , G k8 ],{J r , G rc }}) + -?-b 2 c 3 {J k , [{J m , G™+ {J r , G rS }}} 



8/Y c 3 v J ' L JJ u J ' L ' ,J 8N! 

-^b 2 c 3 ({J 2 , {G k \ {J r , G rc }}} - {J 2 , {G kc , {J r , G r8 }}}) + 0(V 3 V, 



(37) 



where the free flavor index c will be settoQ = 3+ (1/V3)8 or Q = 3— (l A/3)8 as required in Eq. (f33l>. The symbol 0(2? 3 2? 3 ) 
in Eqs. (l36*l l and (l37l i means that, in the structures such as e ijfc j abc A la A^ h , e^ k f aec d be8 A ia A> b and so on we have included all 
terms up to five-body operators, such as T> 2 T> 3 , but have neglected contributions which are six-body operators - like T> 3 T> 3 - or 
higher. 

Equations d36*l l and (l37l i have been rearranged to exhibit explicitly leading and subleading terms in 1/N C . It is now evident 
that both expressions yield matrix elements at most of order 0(N 2 ), according to the N c dependence of matrix elements of 
baryon operators discussed in Sec. HI] In addition, / and Mjy, which appear in the loop-integral l32l . are <D(\fWl) and 0(N C ), 
respectively, so the one-loop contribution M k x , Eq. d33l >, is order 0(N C ). In the limit of small m s , the symmetry breaking 

part of M k oov j is 0(to!/ 2 ) so the overall contribution of Eq. ( f33b to baryon magnetic moments is 0{m L J' 1 N c ). 

In order to proceed further, we still need to evaluate the matrix elements of the operators in Eqs. ( f36l > and ((37) ■ To relative order 
0(1/Nc), we have identified 24 linearly independent spin-1 operators which fall into the 8 and 10 + 10 flavor representations. 
These basic operators are 
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ykc _ ^c8eQke ykc _ gc8 jk ykc _ ^c8eqyke 

Y£ c = {G kc , T 8 }, Y 5 kc = {T c , G ks }, Y 6 kc = d cSe V% e , 

Y kc _ d c8e O% e , Y£ c = {G kc , {J r , G r8 }}, F 9 fec = {G fc8 , { J r , G rc }}, 

y*f = { J fc , {T c , T 8 }}, Y* c = { J fc , {G rc , G r8 }}, ^i2 C = S c8 {J 2 , J fc }, 

Y k g = d c8e Vf, Y k £ = {D\ c , { J r , G r8 }}, Yf 5 c = {J 2 ,{G kc , T 8 }}, 

Y k 6 c = {J 2 , {T c , G k8 }}, Y k 7 c = {V k8 ,{J r , G rc }}, Yft" = {J 2 , [G fec , { J\ G r8 }]}, 

y*« = {J 2 , [G fc8 , { J r , G rc }]}, F 2 fe c = {[J 2 , G k % {J\ G rc }}, Y k { = {[J 2 , G &c ],{J r , G r8 }}, 

F 2 fe 2 c = { ,] k , [{J™, G mc }, { J r , G r8 }]}, Y k 3 c = {J 2 , {G fcc , { J r , G r8 }}}, y 2 fc 4 c = { J 2 , {G fc8 , { J r , G rc }}}, 

whose matrix elements are displayed in Tables HVllVII for the sake of completeness. In these tables we have kept only nontrivial 
contributions. For instance, Y kc = d c8e O ke is an off-diagonal operator with nonzero matrix elements only for decuplet to octet 
transitions, and will vanish otherwise. 

At this point we are able to compute the one-loop contribution of Fig. Q]and provide analytical expressions. Such a contribution 
is given by 

^° Pl) = (B\ML pl \B), (38) 

where B stands for either an octet or a decuplet baryon. In the former case the correction arises from Fig.[Tfa,b) whereas for the 
latter comes from Fig.[Tfc,d). Furthermore, the contribution to the decuplet to octet transition magnetic moment, Fig.[Tfe,f), can 
be obtained as 

4°° pl] = (T\M? oopl \B). (39) 

Analytical expressions can be readily found by reading off the matrix elements of the pertinent operators from Table U We 
just show the one corresponding to the neutron as a case example because the others can be obtained analogously. We thus have, 



(loop 1) 



1 L 4 L 

gOl0 2 + -Oi&3 



1 

7i 



i 



-aib 3 



-bob. 



2 "3 



aic 3 



1 



aic 3 



A 



-aib 2 



12 



hi 



13 
18 



ai6 3 



-bob. 



2 "3 



:aiC3 



-4i 



(40) 



where the different coefficients Ai, which contain the integrals over the loops, are given in Eq. 

1 /2 

Corrections of order 0{m q N c ) have some important effects on the relations among the magnetic moments referred to 
in Sec. [TTTJ First, the term that comes along with Aq, Mg j y in Eq. (133b . yields baryon magnetic moments that satisfy the 
Coleman-Glashow relations ( TToT ) whereas violations to them are due to the terms that accompany to A\ and A%, which are 

Hence, for the Coleman-Glashow relations one gets the generic expressions 



<?oopiandM feQ 



10+10, loop 1 



(loop 1) 



^T Pl) = D {L,R)[I(m K )-I(mn)}, 



(41) 



where fi ( j° op [Mfl°° P represents the left-hand [right-hand] side of the corresponding relation in Eq. ( fT6b and Dr^yR) is a 
quadratic function of the unknown coefficients of the 1/N C expansion of A kc . For instance, for the first relation one has 

M 0oop i) _ M (ioo P i) = D( ^ + p)[I{mK) _ j( mir )] ) (42 ) 

where, for N c = 3, 

D, 



-^-(63a 2 + 6ai& 2 + 22 ai 6 3 + 30aic 3 - 3&| + 2b 2 b 3 ). 
loU 



(43) 



Analogous results are obtained for the remaining relations and will not be listed here. 

Caldi and Pagels [ 16] first evaluated these corrections and found a dependence on the meson mass difference mx — m^. This 
dependence is already contained in the expression J(j71k) — I(m w ) in our results. These authors also derived some sum rules, 
which in this approach we can check they are fulfilled, i.e., 



(loopl) 



2M aoopi) 



(loop 1) 



0, 



(44) 
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TABLE IV: Nontrivial matrix elements of the operators involved in the magnetic moments of octet baryons: Flavor 8 and 10 + 10 
representations. The entries correspond to 48\/3(Fm 3 } and 48(Y^). 





11 


P 


T~ 

Zj 


yO 








A 
i l 


l\-Z-i 




-20 


20 


-16 





16 


4 


-4 





8^3 


/V33\ 
\ r 2 / 





























(Yi 3 ) 


-12 


12 


-24 





24 


-12 


12 








{Yi 3 ) 


-60 


60 











-12 


12 








(Y 5 33 ) 


-12 


12 


-48 





48 


36 


-36 








/v 33 \ 


-60 


60 


-48 





48 


12 


-12 





24v/3 


/V 33 \ 


-30 


30 


-48 





48 


-18 


18 








/V 33 \ 
\ y 9 / 


-30 


30 


-48 





48 


-18 


18 










-72 


72 











72 


-72 








\X 11 / 


-30 


30 


-96 





96 


-66 


66 





-24\/3 


\ r 12 / 





























\ y 13 ; 


-18 


18 


-36 





36 


-18 


18 








\ r 14 / 


-18 


18 


-72 





72 


54 


-54 








\ y 15 / 


-90 


90 











-18 


18 








\ r 16 / 


-18 


18 


-72 





72 


54 


-54 








\ y 17 / 


-90 


90 











-18 


18 








\ r 18 / 


























36%/3 


\ y 19 / 


























-36^3 


\ r 22 / 


























72v/3 


\ r 23 / 


-45 


45 


-72 





72 


-27 


27 








/V 33 \ 
\J 24 / 


-45 


45 


-72 





72 


-27 


27 








{Y?») 


-4 


-4 


-8 


-8 


-8 


12 


12 


8 





{Y 2 38 } 


24 


24 


24 


24 


24 


24 


24 


24 





(Y 3 38 ) 


-12 


-12 











12 


12 








(Yi 8 ) 


12 


12 











36 


36 








(Y 5 38 ) 


12 


12 











36 


36 








(Yi 8 ) 


-12 


-12 


-24 


-24 


-24 


36 


36 


24 





/v 38 \ 


6 


6 


24 


24 


24 


54 


54 


24 





/v 38 \ 


6 


6 


24 


24 


24 


54 


54 


24 





/v 38 \ 


72 


72 











72 


72 










6 


6 


72 


72 


72 


102 


102 


24 





\ r 12 / 


36 


36 


36 


36 


36 


36 


36 


36 





\ Y 13 / 


-18 


-18 











18 


18 








\ y 14 / 


18 


18 











54 


54 








/V 38 \ 
\ r 15 / 


18 


18 











54 


54 








\ y 16 ; 


18 


18 











54 


54 








\ r 17 / 


18 


18 











54 


54 








\ y i8 ; 





























\ r 19 / 





























\" 22 / 





























\ r 23 / 


9 


9 


36 


36 


36 


81 


81 


36 





\" 24 / 


9 


9 


36 


36 


36 


81 


81 


36 






M |° °P 1} + ^ l) + M £°°P « - 2/4 oop l) + 2/4!°°p l > = 0, (45) 

and 

^(loop 1) _ ^(lo^op 1) _ ^Uoop 1) _ M aoop 1) = (46) 

In turn, the relation 

/4° + ° P l> - 2a4°o° p U + Me°° P l> = 0, (47) 

also holds to this order. 

On the other hand, for decuplet baryons, the analogs of Eqs. (l20l>- (f22T > are 

..(loop 1) ,,(loop 1) (loop 1) (loop 1) _ n rA o\ 
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TABLE V: Nontrivial matrix elements of the operators involved in the magnetic moments of decuplet baryons: Flavor 8 and 10 + 10 
representations. The entries correspond to l6V3(Y^ i ) and 16(Y^). 





A++ 


A + 
A 


A 


A 


v * + 


v .0 

Zj 


— 

Zj 


" 




s I 


(If 3 ) 


12 


4 


-4 


-12 


8 





-8 


4 


-4 





{Yi 3 } 
































(if 3 ) 


36 


12 


-12 


-36 


24 





-24 


12 


-12 





{YP) 


36 


12 


-12 


-36 











-12 


12 





(Yi 3 ) 


36 


12 


-12 


-36 











-12 


12 





(Y b 33 ) 


180 


60 


-60 


-180 


120 





-120 


60 


-60 





/v 33 \ 


90 


30 


-30 


-90 











-30 


30 





/V 33 \ 
\ r 9 / 


90 


30 


-30 


-90 











-30 


30 







216 


72 


-72 


-216 











-72 


72 





\ y ll / 


90 


30 


-30 


-90 


24 





-24 


-6 


6 





\ y i2 ; 
































/v 33 \ 

\ r 13 / 


270 


90 


-90 


-270 


180 





-180 


90 


-90 





\ y i4 ; 


270 


90 


-90 


-270 











-90 


90 





\ r 15 / 


270 


90 


-90 


-270 











-90 


90 





\ y i6 ; 


270 


90 


-90 


-270 











-90 


90 





\ r 17 / 


270 


90 


-90 


-270 











-90 


90 





/V 33 \ 
\*23 ) 


675 


225 


-225 


-675 











-225 


225 





\ r 24 / 


675 


225 


-225 


-675 











-225 


225 







-4 


-4 


-4 


-4 











4 


4 


8 


(Y 2 38 ) 


24 


24 


24 


24 


24 


24 


24 


24 


24 


24 


(Y 3 38 ) 


-12 


-12 


-12 


-12 











12 


12 


24 


{Y 4 3S ) 


12 


12 


12 


12 











12 


12 


48 


(Yi 8 ) 


12 


12 


12 


12 











12 


12 


48 


(Y b 38 ) 


-60 


-60 


-60 


-60 











60 


60 


120 




30 


30 


30 


30 











30 


30 


120 




30 


30 


30 


30 











30 


30 


120 


\ Y 10 / 


72 


72 


72 


72 











72 


72 


288 


/V 38 \ 
\ r ll / 


30 


30 


30 


30 


24 


24 


24 


54 


54 


120 


\ y i2 ; 


180 


180 


180 


180 


180 


180 


180 


180 


180 


180 


\ r 13 / 


-90 


-90 


-90 


-90 











90 


90 


180 


\ y i4 ; 


90 


90 


90 


90 











90 


90 


360 


/v 38 \ 

\ r 15 / 


90 


90 


90 


90 











90 


90 


360 




90 


90 


90 


90 











90 


90 


360 


\ r 17 / 


90 


90 


90 


90 











90 


90 


360 


/v 38 \ 

\I 23 / 


225 


225 


225 


225 











225 


225 


900 


\- r 24 / 


225 


225 


225 


225 











225 


225 


900 



/4°,°p l) - 2/4°° p l) + /4°; p [) = o, (49) 

and 

Ma7+" - 3a47 + 3^° r ? p l) - M ( i rop = 0. (50) 
whereas for transition magnetic moments, the analogs of Eqs. d25ll-(l26i> read 

^"-fi"^. (51) 

and 

(loop 1) _ 9 (loop 1) . (loop 1) _ n 

In Ref. ll20ll . Eq. (36), some other relations among magnetic moments of the decuplet baryons are presented which are satisfied 
at this order. We have explicitly checked that these relations are also satisfied within our approach. 
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TABLE VI: Nontrivial matrix elements of the operators involved in the decuplet to octet transition magnetic moments: Flavor 8 and 10 + 10 
representations. The entries correspond to 12^/&{Y^) and 12\/~2(Y^') . 





A + v 


A°n 


E*°A 


S*°E° 


E* + E + 








(I? 3 ) 


8 


8 


-4^3 





4 


-4 


4 


-4 


{Yi 3 ) 


24 


24 














-12 


12 


(Yi 3 ) 














24 


-24 


12 


-12 


(Y 7 33 ) 


36 


36 


-18^3 





18 


-18 


18 


-18 


/y33\ 


36 


36 


6^3" 





6 


-6 


-24 


24 


\ Y 9 ) 








6^3 





42 


-42 


12 


-12 


/V 33 \ 
\ Y 15 ) 


108 


108 














-54 


54 


/V 33 \ 
\ r 16 ; 














108 


-108 


54 


-54 


/V 33 \ 
\ r 18 / 


-108 


-108 








27 


-27 


27 


-27 


/V 33 \ 
\ r 19 1 














-81 


81 


-81 


81 


/V 33 \ 
\ r 20 / 














126 


-126 


36 


-36 


/V 33 \ 
\ r 21 / 


108 


108 








18 


-18 


-72 


72 


/V 33 \ 
\ Y 23 1 


162 


162 


27V3 





27 


-27 


-108 


108 


\ Y 2A 1 








27^3 





189 


-189 


54 


-54 


(Y?*) 











-4 


-4 


-4 


-4 


-4 


(Y 4 3S ) 




















-12 


-12 


(Yi 8 ) 




















-12 


-12 


(Y 7 38 ) 











-18 


-18 


-18 


-18 


-18 


\ Y S 1 











6 


6 


6 


-24 


-24 


/v 38 \ 











6 


6 


6 


-24 


-24 


/V 38 \ 
\ r 15 / 




















-54 


-54 






















-54 


-54 













27 


27 


27 


27 


27 


\ y 19 / 











27 


27 


27 


27 


27 


\ Y 20 / 











18 


18 


18 


-72 


-72 


\ y 2i ; 











18 


18 


18 


-72 


-72 


\ Y 23 / 











27 


27 


27 


-108 


-108 


\ Y 24 / 











27 


27 


27 


-108 


-108 



B. Nonanalytic corrections of order m q In m q 

The one-loop corrections to baryon magnetic moments arising from the Feynman diagrams of Fig. [2] have a nonanalytic 
dependence on the quark mass of the form m q lnm q . Compared to the case discussed previously, the computation of these 
diagrams requires a rather formidable effort when performing the algebraic reduction of the operator products involved. A great 
deal of computational ease is gained by noticing that this contribution has the same operator structure as the one found in the 
renormalized baryon axial-vector current A kc + 8A kc computed in Ref. 13711 so that some modifications and/or new partial 
computations are required. Algebraic manipulations of the equivalent diagrams[2fa-d) and|2je) for the axial-vector current show 
that they can be combined in the double commutator structures given in Eqs. (31) and (40), respectively, of Ref. IB8I1 . Explicit 
computations of these double commutators are given in Ref. 13711 to relative order 0(1/N^). 

In our case, we then follow a close parallelism to the analyses referred to above. Accordingly, we will discuss separately 
diagrams[2ja-d) and|2je), as they involve rather different computational complication. 

1. Contribution of diagrams\2][a-d) 

The first set of diagrams, Fig.|2ja-d), taking into account the wavefunction renormalization graphs, contribute to the baryon 
magnetic moment operator as 

M, fc oop2(a . d) = [A*, [A*, M k ]j U ab . (53) 

Here, IP 6 is a symmetric tensor which contains meson-loop integrals with the exchange of a single meson: A meson of flavor a 
is emitted and a meson of flavor b is reabsorbed. n ah decomposes into flavor singlet, flavor 8, and flavor 27 representations as 
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where 



27 



_ U ah ~ -d am d 88s 

8 5 



(54) 



F i = * [3^(TO7r,M) + 4F(mjr, p) + F(m v , ft)] , 



(55) 



2\/3 



-F(m n ,fi) - F(m K , p) - -F(m v ,p) 



and 



(56) 



F27 = -F(m w ,/x) 



-F(m K ,(i) +F(m„,fx). 



(57) 



Equations d55ll-(l57li are linear combinations of F(m T , /i), F(n%K, A*), and F(m v , fj), where F(mn, /i) contains the result of 
performing the loop integral. In the degeneracy limit A — > 0, this function reduces to lfl9ll 



F(mn,A*) 



32tt 2 / 2 



In 



(58) 



where // is the scale of dimensional regularization and only nonanalytic terms in m q have been kept. 

Now, in the operator reduction of the structure < f53T > some subtleties arise. The appearance of the new parameters m, makes 
unfeasible the direct application of Eqs. (30)-(32) of Ref. IB7I1 to obtain the corresponding loop contribution M\ OOV 2(^-Ay Indeed, 
new terms need be calculated. We remark that, because the operator basis is complete, the reduction is doable. In Appendix 
iBl we present the individual contributions of the double commutator in d53l to the order implemented here. After a long but 
otherwise standard calculation, we can gather together partial results to get 



Moop2(a-d) = F\M X 



kQ 



loop 2(a-d) 



F sM^ oop2( , d _ d) + F27A^27aoop2(a-dV 



(59) 



where the group structures of the double commutator read as follows: 
(1) Flavor singlet contribution 



Jw l,loop2(a-d) 



"23 2 A e + 3 , 2 A 2 + 6A C + 4 2 A 2 + 6N C - 3 2 
12 aimi 3N~ ( _ai&2mi + 3a i m 2) Jp a i m 3 ^ a i TO4 



+ - 



A 2 + 6A C - 18 
1 

Ac 

A 2 + 6N c + 6 



b\m\ + -^(fli^mi - 3aib 2 m 2 ) 



4(A e + 3) 



(6 2 63mi + aifc 3 m 2 + ai6 2 m 3 ) 



G 



kc 



-aib 2 m 1 + —a\m 2 H ^— — (6ai& 3 mi - 9aic 3 mi + 8aib 2 m 2 - 24:alm 3 + Qa\m^) 



aib 3 m 2 



3(A 2 + 6A C - 12) 
2JV2 



-aic 3 m 2 



A 2 + 6A C - 18 
6A? 



1 



& 2 m 2 + -r^i-^b^mx 



96 2 c 3 mi — 2ai6 2 m 3 + 9ai6 2 m4) ] T> 2 



Ac 



A r2 



T 2 7 

eti0 3 mi + 2aic 3 mi H — b 2 m\ H — a\b 2 m 2 



131 AT + 3 

-j^-a 2 m 3 H — (146 2 6 3 mi - 66 2 c 3 mi + 6ai6 3 m 2 - 15aic 3 77i 2 + 14aife 2 m 3 - 6aife 2 m 4 ) 



2? 3 C 



1 



7 , o 7 ,2 „ , 131 2 

-ai& 3 mi + 3aic 3 TOi + -o 2 mi - 2a x b 2 m 2 + — — 



11] 1114 H frr— (226 2 6 3 toi - 3&2C 3 toi 

OJV r _ 



-6ai6 3 m 2 — 3aic 3 m 2 — 6oi6 2 to 3 + 4ai& 2 m4)] 3 c 



1 



6A C 3 
-0(GP 3 2? 3 



(662&3W1 + 126 2 c 3 mi + 10ai6 3 TO2 + 90aic 3 m 2 + I5b 2 m 2 + 6aib 2 m,3 + 12ai&2?Tu) T>\ c 



(60) 
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(2) Flavor octet Contribution 



JW 8Joop2(a-d) 



11 



iV c + 3 



(a 1 b 2 m 1 + 'ia\m 2 ) — (3^2 m i + 201637771 + 6aib 2 m 2 + 8a^m 3 — ia\m^ 



2(N C + 3) 



(6 2 6 3 777i + a 1 b 3 m 2 + aib 2 m 3 ) 



d c8e G ke 



— a, mi 
18 1 



N c + 3 7V C + 6 

-a\b 2 m.\ - Ar (3aiC3?rii 



9iV r 



-2afm 4 ) + ^t 6 ^ + 4 a 1&3 m 1 ^ + 6iV c - 1) „ 2 



6 AT? 



3JV? 



5« j fc + _ 



12iV c 

5 , 13 2 

-aifomi + — aim 2 
4 o 



H — — (2ai6 3 mi — 3aic 3 mi — 8027713 + 2a 1 m4j + — — ^ (— 26 2 6 3 mi + 962C37771 — 3b 2 m 2 — 2aib 3 m 2 



4/V, 



+ 18aiC3777 2 — 2a\b 2 m 3 + 901627774) 



" jy2 (^ 2&3mi + 2oi6 3 7772 + 01627773) 



d c Sepfee + ___ 



1 



2iV c 2 

-ai6 2 ?77i + -a^ + — a 1 b 2 m 2 



{T c ,G k *}-±- 



1 , 1 2 + 3 /l2 „ 2 

-Ol6 2 777l + -a 1 7772 + ^ (6 2 777l + 60J7773 



+6a 2 777 4 ) +— (b 2 b 3 m 1 + a 1 6 3 777 2 + ai6 2 m 3 ) 



1 



{G ^ TS} + _ 



3 7 2 

g & 2 m l + Y^ fl l 6 3 m l + gaiC 3 777i 



+ -aib 2 m 2 
— 401627774) 
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ai777 3 - -Oi777 4 



/Ve + 3 

12iV r 



(662637771 — 462C3TO1 + 601637772 — 15aiC37772 + 60l62?773 



jc&e<r\ke I 



5 , 7 5,2 , 2 2 43 2 
-ai6 3 777i + -aic 3 777i + -6 2 mi - a 1 b 2 m 2 - -a-^z + 777 a i m i 

6 6 4 3 24 



+ - 



+ 



6N C 
1 



263ml — 262C37771 — 601637772 — 3aiC3?772 — 4O162TO3 + 01627774) 



d c8e ke 



1 , 3 1 , 2 1 2 N c + 'd, „ , „ : 

-ai6 3 777l - -OlC 3 777l + -ai6 2 777 2 - Oim 3 + -0 1 777 4 — — — ( 601637772 + 9aiC 3 7772 + 6 2 7772) 

4 o 4 lziV c 



x {J fe ,{T c ,T 8 }} + 



1 



x {J fe ,{G rc ,G r8 }} + 



7V 2 



7 o 11 . ^c + 3,, , 

-Ol6 3 777l + -aiC 3 777l + 50i777 3 - — Oi7774 — — (6 2 C 3 777l + O162TO4) 

6 6 3iv c 

1 3, 2 , 2 2 14 2 

-Oi6 3 777i + -aiC 3 777i + -6 2 777i - Oi6 2 7772 + q a l m 3 + - Q -a 1 777 4 



iVc + 3 
67V, 



(-662637771 + 62C37771 + 201627773 - 01627774) 



{G fec ,{J r ,G r8 }} 



+ 



1 



^Oi6 3 mi - ^aic 3 mi - ^6 2 mi + a 1 b 2 m 2 + 3afm 3 - ^ " L 



N 2 

+601627773 - 01627774) 
iV c + 3 



Oi777 4 + ^ (-26 2 6 3 777l + 6 2 C 3 777l 



{G fc8 ,{J'\G'' c }} + ^ 



+ - 



97V C 



(6 2 C 3 777l + ai627774) 



I , 17 5 2 2 2 

--Ol6 3 ?77l + -_ ai C3777l + -Oi7773 - -0 1 777 4 

y io o y 

II 3 

-62637771 + 6 2 c 3 mi + -a\b 3 m 2 + Aa 1 c 3 m 2 + -b 2 m 2 



+ -aib 2 m 3 + 01627774 



4 W L 



-6 2 6 3 ?77l + ^6 2 C 3 ?77l + yOl63?772 + ^OlC 3 7772 + Ol6 2 777 3 



x{J 2 ,{T c ,G fc8 }} + -- 



x {J 2 ,{G fcc ,T 8 }} + 
x{X>* c ,{.T,G r8 }} + 
x {P 2 fe8 ,{^,G f ' c }} + 



1 
1 

1 

' TV 3 " 

J " c 

1 



7 1 1 1 

-62637771 - -6 2 c 3 ?77i - a 1 b 3 m 2 - -^a x c 3 m 2 - a 1 b 2 m 3 + -a 1 6 2 m 4 

1 31 

-62C37771 - 5ai637772 + -^-OlC 3 7772 + 627772 - 2ai62777 3 + O162TO4 

2 1 8 4 

- -6 2 6 3 mi - -6 2 c 3 777i + 2oi6 3 777 2 - 2aiC3777 2 + -ai6 2 777 3 - ^01627774 

— 6 2 6 3 777l - — 6 2 C 3 777l - — Ol6 2 777 3 - — Ol6 2 777 4 



x ({J 2 , [G fcc , { J r , G r8 }]} - {J 2 , [G fc8 , { J r , G rc }}} - {J\ [{ J"\ G mc }, { J r , G r8 }]}) + 0{GV 3 V 3 ). (61) 
(3) Flavor 27 contribution 



18 



A^wa-d) = ^c%mi(3** e <P e *G k ° + 2S c8 G k8 + d c88 J k ) + ^- ai b 2mi S c8 V k8 + -±- a 2 m 2 6 88 V kc 

+ ^ai6 2 m 1 d c8e {G fce ,T 8 } + ^L a 2 m 2 d 88e {G fce , T c } + ^( ai c 3mi + a 2 m 3 )d c8e d 8e9 V k9 
+ (2ai6 3 mi + aic 3 mi + a\m A )d c8e d 8e9 O k z 9 + ^{2 ai b 3mi - a 2 m 3 + a 2 ™ 4 )<5 c8 2?f 
1 r (2a 1 c 3 m 1 + 3alm 4 )5 cS O k 3 8 + -^- a 2 m 3 S 88 V kc + JL a 2 m 4 S 88 O kc 



1 r (a lC 3ma + a 2 m 3 )d c88 {J 2 , J fc } + i- ai 6 2 m 2 {G fc8 , {T c , T 8 }} + -±-b 2 mi {G kc , {T 8 , T 8 }} 



- ^(2a 2 m 3 + a 2 m 4 ){G kc , {G r8 , G r8 }} + ^(2a 2 m 3 - a 2 m 4 ){G k8 , {G rc , G r8 }} 

- J^(2a lC3mi + 6a 2 m 3 - a 2 m 4 )d c8e {J k , {G re , G r8 }} + ^{2a\m 3 - a 2 m 4 )d 88e {J k , {G rc , G re }} 
+ l^ a 2 m A d 88e {G kc , {J r , G re }} + ^(6 ai b 3mi - a lC3mi + 2a 2 m 3 - a 2 m A )d c8e {G ke , { J r , G r8 }} 

+ ^ (2a 2 m 3 - a 2 m 4 )d 88e {G fce , { J r , G rc }} + ^(-2a 1 6 3 m 1 + a x c z m x + 2ajm 4 )d c8e {G ks ,{J r , G re }} 
+ ^(2b 2 b 3mi + b 2 c 3mi + 2 ai b 2 m 3 + a 1 b 2 n H )d c8e {J 2 ,{G ke ,T 8 }} 

+ ^ 3 (2a 1 b 3 m 2 + a lC3 m 2 )d 88e {J 2 , {G ke , T c }} + J^(b 2 c 3mi + ai b 2 m 4 )5 c8 Vf + J^ ai c 3 m 2 S 88 V kc 
1 rb 2 2 m 2 {V kc , {T 8 , T 8 }} - l- ai c 3 m 2 {V kc , {G r8 , G r8 }} 



1 2Nf 2 Zl 2 JVf 
- ^(2ai6 3 m 2 - aic 3 m 2 )d 88e {I?2 fcc I {A G re }} - Jg (fccsmi + ai6 2 m 4 ){2? 2 fe8 , {G rc , G r8 }} 

+ ^(-Zfohnu + b 2 c 3mi - 2 ai b 2 m 3 + a x b 2 m 4 )d c8e {Vf , { J r , G re }} 

+ ^(-2b 2 b 3mi + b 2 c 3 m x + 6 ai b 2 m 3 - ai b 2 m 4 ){{J r , G rc }, {G k8 , T 8 }} 

' {6b 2 b 3mi - b 2 c 3 m x - 2 ai b 2 m 3 + aib 2 m 4 ){{J r , G r8 }, {G kc , T 8 }} 



2N? 



+ ^3 ai b 3 m 2 {{ J r , G r8 }, {G ks , T c }} + 0{GV 3 V 3 ). (62) 

Notice that, in order for 2 (a-d) to ^ e a truly 27 contribution, singlet and octet pieces must be subtracted off. 

In Eqs. (I60t-(l62ti the symbol 0(GV 3 V 3 ) refers to the fact that in the double commutator structure [A ja , [A> b , M kc ]] we have 
included all the terms up to six-body operators, such as [G ja , \D 2l 3 c ]], but have neglected contributions which are seven- 
body operators or higher. We have done this because the commutator of an m-body operator with an ri-body operator is an 
(rn + n — 1) -operator. On the other hand, we have also rearranged these expressions to display leading and subleading terms in 
1/N C explicitly. The resulting formulas are rather lengthy but also illuminating. We can check that large-iV c cancellations occur 
(as expected) in the double commutator structure in such a way that it is at most of order 0(N C ). Besides, the factor f 2 in the 
denominator of the loop integral introduces an extra suppression of 1/N C in such a way that the net contribution of M k Q op 2( a -d) 
to the magnetic moments is 0(1), or equivalently, 1/N C times the tree-level value which is order 0(N C ). Thus, in principle, 
the dominant source of SU(3) symmetry breaking should come from the contribution M k oop ; rather than M^ op 2(a-d)' We think 
that this statement is pointless unless we perform a numerical comparison of the theoretical expressions with the available 
experimental data. This analysis is postponed to Sec. [VI] We now turn to evaluate the diagram corresponding to Fig.|2je). 
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2. Contribution ofdiagram\2\e) 

The contribution to the magnetic moments of the Feynman diagram displayed in Fig. |2e) possesses the structure 

Moo P 2e= [T a ,[T b ,M k ]]ll ab , (63) 

where II oh is the symmetric tensor introduced in Eq. ( T54-b . In a similar way to Eq. d59l . Eq. (l63l can be separated into flavor 
singlet, flavor octet, and flavor 27 pieces as 

Mloop 2e = Mi%p 2e + ^W^oop 2e + ^7^4%, 2e , (64) 

where this time the group structures of the double commutator read as follows: 
(1) Flavor singlet contribution 

M^ oop2e = [T a ,[T a ,M kc ]} 

= 3M kc . (65) 



(2) Flavor octet contribution 



<ioo P 2e = d abS [T a ,[T b ,M kc }) 



= ^d cSe M ke . (66) 



(3) Flavor 27 contribution 



^27,loo P 2e = [T 8 ,[T 8 ,M fcc ]] 

= f^fe9M k9 . (67) 

Let us notice that, in order for A/2 7 c loop 2e to be a truly 27 contribution, singlet and octet pieces must be subtracted off. In the 

above equations, the free flavor index c will be set to Q = 3 + (1/ \/3)8. By doing this, expression (l67l > as it stands, will vanish. 

As before, in order to proceed further, we need to compute the matrix elements of operators that fall into the flavor 27 
representation. To relative order 0(1/N^), this time we have identified 36 spin-1 operators in such a representaction. They read 



Z kc 


= d cSe d Seg G k9 , 


Z kc 


_ ^c8g«fe8 


zl c 


= d c88 J fc , 


zf 


= 5 c8 Vf, 


Z kc 


= 5 88 V kc \ 


nrkc 
^6 


= d c8e {G fee ,T 8 }, 




= d 88e {G ke ,T c }, 


Z 8 


= d c8e d 8e 3V kg , 


r?kc 

Z 9 




rykc 
^10 


= 8 c8 Vf, 


Z ll 


= 8 c8 Of, 


r/kc 

^12 


= s 88 v kc , 


rykc 
^13 


= 5 88 O kc , 


r7kc 
^14 


= d c88 {J 2 ,J k }, 


Z 15 


= {G kc ,{T 8 ,T 8 }}, 


ykc 
^16 


= {G k8 ,{T c ,T 8 }}, 


Ykc 
z 17 


= {G kc ,{G r8 ,G r8 }}, 


^18 


= {G k8 ,{G rc ,G r8 }}, 


^19 


= d c8e {J fc ,{G re ,G"' 8 }}, 


Ykc 
^20 


= d 88e {J k ,{G rc ,G re }}, 


7kc 
A 2l 


= d c8e {G k8 ,{J r ,G re }}, 


^22 


= d 88e {G kc ,{J r ,G re }}, 


Ykc 
^23 


= d cSe {G ke ,{J r ,G r8 }}, 


Ykc 
^24 


= d 88e {G ke ,{J r ,G rc }}, 


ykc 
^25 


= 8 c8 Vf, 


?kc 
A 26 


= 8 88 Vf, 


Ykc 
^27 


= {V kc ,{T 8 ,T 8 }}, 


rykc 
^28 


= {V kc ,{G r8 ,G r8 }}, 


r/kc 

A 29 


= {V k8 ,{G rc ,G r8 }}, 
= d c8e {J 2 ,{G ke ,T s }}, 


^30 


= d c8e {Vf,{J r ,G re }}, 
= d 88e {J 2 ,{G ke ,T c }}, 


rykc 
^31 


= d 88e {D% c ,{J r ,G re }}, 


r/kc 

^32 


7kc 
^33 


r/kc 

^34 


= {{J r ,G rc },{G k8 ,T 8 }}, Z$l 


= {{J r ,G r8 },{G kc ,T 8 }}, Z k i 


= {{J r ,G r8 },{G k8 ,T c }} 



Their corresponding matrix elements are listed in Tables [VTIllXIl for baryon octet, decuplet, and decuplet-octet transitions. 

3. Total contribution ofFig.\2\ 
The total correction arising from Fig. [2] is then given by 

Moop2 — Moop2(a-d) + Moop2eJ (68) 

where the first and second summands on the right-hand side of the above expression are given by Eqs. d59l and d64l ). respectively. 
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TABLE VII: Nontrivial matrix elements of the operators involved in the magnetic moments of octet baryons: Flavor 27 representation. The 
entries correspond to 144(Z^f ). 





/ 1 


P 


y- 

Zj 


y0 


T+ 






A 


l\-Z-i 


Zf) 


-20 


20 


-16 





16 


4 


-4 





8^3 


Zf) 





























Zf) 





























Zf) 





























Zf) 


-36 


36 


-72 





72 


-36 


36 








7 33\ 


-60 


60 











-12 


12 








Zf) 


12 


-12 


48 





-48 


-36 


36 








7 33\ 


-60 


60 


-48 





48 


12 


-12 





24^3 


7-33 \ 
^10/ 





























^33\ 
^12/ 


-180 


180 


-144 





144 


36 


-36 





72v/3 


733 \ 
^14/ 





























^33\ 


-180 


180 











36 


-36 








733 \ 
^16/ 


-36 


36 











-108 


108 








7 33\ 
^17/ 


-15 


15 


-144 





144 


51 


-51 





48^3 


7-33 \ 
^18/ 


-15 


15 


-96 





96 


99 


-99 








7 33\ 
^19/ 


-30 


30 


-96 





96 


-66 


66 





-24^ 


7-33 \ 
^20/ 


30 


-30 


96 





-96 


66 


-66 





24^3 


7 33 \ 
^21 / 


-30 


30 


-48 





48 


-18 


18 








7-33 \ 
^22/ 


30 


-30 


48 





-48 


18 


-18 








ryZZ\ 
z, 23/ 


-30 


30 


-48 





48 


-18 


18 








7 33\ 
^24/ 


30 


-30 


48 





-48 


18 


-18 








7 33\ 
^25/ 





























7 33\ 
^26/ 


-54 


54 


-108 





108 


-54 


54 








7 33\ 
^27/ 


-108 


108 











-108 


108 








7 33\ 
^28/ 


-9 


9 


-216 





216 


-153 


153 








7 33\ 
^29/ 


-45 


45 











99 


-99 








7 33\ 
^30/ 


-90 


90 











-18 


18 








7 33\ 
^31 / 


18 


-18 


72 





-72 


-54 


54 








7 33\ 
^32/ 


-90 


90 











-18 


18 








7 33\ 
^33/ 


18 


-18 


72 





-72 


-54 


54 








^34/ 


-90 


90 











54 


-54 








7 33\ 
^35/ 


-90 


90 











54 


-54 








7 33\ 
^36/ 


-18 


18 


-144 





144 


-162 


162 









Corrections to the baryon magnetic moments are then obtained by computing the matrix elements of operator M^ op 2 between 
SU(6) baryon states, namely, 

4 0op2 > = (BIM^B), (69) 
where B stands for either an octet or a decuplet baryon. For decuplet to octet transition magnetic moments, we also have 

4^ = {T\M^ 2 \B). (70) 

The singlet piece of 2 yields magnetic moments that satisfy the Coleman-Glashow relations ( fTSI ) whereas violations to 
them are due to the 8 and 27 pieces. Their effects can be better seen in the sum rules d44ll-(|46|i, which are no longer satisfied 
at this order. We shall not write down the resulting expressions because they can be obtained without trouble by reading off the 
matrix elements of the corresponding operators displayed in Tables HllXll 

We also notice that, for decuplet baryons, the analogs of Eqs. (f20b-(f22T> read 

(loop 2) (loop 2) (loop 2) (loop 2) _ n n n 

l J, A++ l J 'A+ "A ~*~ "A- — u ' \' ' 



and 



/4°;p 2) - 2 A 4°° p 2) + /4 o ,°! 2) - o, (72) 



(loop2) „ (loop 2) q (loop 2) (loop2)_ n 
H-A++ °t I A+ ' °f l A° ' A- ~ u ' ^ 3 > 
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TABLE VIII: Nontrivial matrix elements of the operators involved in the magnetic moments of octet baryons: Flavor 27 representation. The 
entries correspond to 14Ay3{Z^}. 





;j 


p 


E" 


s° 


E+ 


g- 


= o 


A 


AE 


{Zf ) 


12 


12 


24 


24 


24 


-36 


-36 


-24 





{zi 8 } 


36 


36 


72 


72 


72 


-108 


-108 


-72 





(Z3 ) 


-72 


-72 


-72 


-72 


-72 


-72 


-72 


-72 





(Z4 ) 


108 


108 











-108 


-108 








(Z5 ) 


108 


108 











-108 


-108 








(Ze } 


-36 


-36 











-108 


-108 








(Z7 ) 


-36 


-36 











-108 


-108 








{z» } 


36 


36 


72 


72 


72 


-108 


-108 


-72 





(■^10) 


108 


108 


216 


216 


216 


-324 


-324 


-216 





\Z\21 


108 


108 


216 


216 


216 


-324 


-324 


-216 





\Zu) 


-108 


-108 


-108 


-108 


-108 


-108 


-108 


-108 





\Z\h) 


108 


108 











-324 


-324 








(Z16/ 


108 


108 











-324 


-324 








\Z\t) 


9 


9 


216 


216 


216 


-459 


-459 


-72 





\Zis) 


9 


9 


216 


216 


216 


-459 


-459 


-72 





\Zw) 


-18 


-18 


-216 


-216 


-216 


-306 


-306 


-72 





{Z20) 


-18 


-18 


-216 


-216 


-216 


-306 


-306 


-72 





{Z21 ) 


-18 


-18 


-72 


-72 


-72 


-162 


-162 


-72 





{Z22) 


-18 


-18 


-72 


-72 


-72 


-162 


-162 


-72 





{Z23) 


-18 


-18 


-72 


-72 


-72 


-162 


-162 


-72 





{Z24) 


-18 


-18 


-72 


-72 


-72 


-162 


-162 


-72 





\Zlh) 


162 


162 











-162 


-162 








\Z2ti) 


162 


162 











-162 


-162 








{Z27) 


324 


324 











-324 


-324 








\Z2sl 


27 


27 











-459 


-459 








\ Z 29/ 


27 


27 











—459 


—459 








/ ^38\ 
\^30/ 


-54 


-54 











-162 


-162 








/ 7-38\ 
\^31 / 


-54 


-54 











-162 


-162 








/ ^38\ 
\^32/ 


-54 


-54 











-162 


-162 








/ 7-38\ 
\^33/ 


-54 


-54 











-162 


-162 








/ ^38\ 
\^34/ 


54 


54 











-486 


-486 








/ 7-38\ 
\^35/ 


54 


54 











-486 


-486 








/ ^38\ 
\^36/ 


54 


54 











-486 


-486 









whereas for transition magnetic moments, the analogs of Eqs. (125ll-(l26l> are 



MiT p 2) -i"iZ 2) =0- (74) 



(loop 2) „ (loop 2) 1 (loop 2) _ n , 7 ^s 



and 



On the other hand, to this order, sum rules (36) of Ref. [ 20] are no longer satisfied. 

In passing, let us mention that the flavor 27 piece of (B\M^ ^ 2(- d ^\B) is responsible for the small difference observed in the 
relation amongst magnetic moments of octet baryons given in Eq. (21) of Ref. 11911 . namely, 

(6//A + Ms- - 4\/3^ As o) - (4n n - /i S+ + 4^ H o) 

= F 27 f(ai, . . . ,c 3 ,mi, . . . ,m 4 ), (76) 

where F27 is the flavor 27 combination of the integrals over the loops given in Eq. d57l i and /(ai, . . . , C3, mi, . . . , TO4) is a 
function which depends quadratically on a\, . . . , C3 but linearly on mi, . . . , 777,4. The function F27 is highly suppressed with 
respect to the flavor singlet and octet combinations, which explains such a small discrepancy. 
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TABLE IX: Nontrivial matrix elements of the operators involved in the magnetic moments of decuplet baryons: Flavor 27 representation. The 
entries correspond to 48(Z^f). 





A++ 


A+ 


A 


A" 


£* + 


£*° 


£*" 




H »- 




(ZD 


12 


4 


-4 


-12 


8 





-8 


4 


-4 





{zi 3 } 
































(Z3 ) 
































(Z4 ) 
































(Z5 ) 


108 


36 


-36 


-108 


72 





-72 


36 


-36 





(z& ) 


36 


12 


-12 


-36 











-12 


12 





(Z7 ) 


-36 


-12 


12 


36 











12 


-12 





{z& ) 


180 


60 


-60 


-180 


120 





-120 


60 


-60 





\Z\o) 
































\Z\21 


540 


180 


-180 


-540 


360 





-360 


180 


-180 





\Zia) 
































(Zw) 


108 


36 


-36 


-108 











36 


-36 





\Z\a) 


108 


36 


-36 


-108 











36 


-36 





(Z17) 


45 


15 


-15 


-45 


24 





-24 


27 


-27 





(Zis) 


45 


15 


-15 


-45 











3 


-3 





(Z19) 


90 


30 


-30 


-90 


24 





-24 


-6 


6 





{Z20} 


-90 


-30 


30 


90 


-24 





24 


6 


-6 





(Z21 } 


90 


30 


-30 


-90 











-30 


30 





{Z22) 


-90 


-30 


30 


90 











30 


-30 





{Z23) 


90 


30 


-30 


-90 











-30 


30 





{Z24.) 


-90 


-30 


30 


90 











30 


-30 





(Z25) 
































{Z26/ 


810 


270 


-270 


-810 


540 





-540 


270 


-270 





(Z27/ 


324 


108 


-108 


-324 











108 


-108 





\Z2s1 


135 


45 


-45 


-135 


72 





-72 


81 


-81 





1 7-33\ 
\Z>29 / 


135 


45 


-45 


-135 











9 


-9 





\^30/ 


270 


90 


-90 


-270 











-90 


90 





\^31 / 


-270 


-90 


90 


270 











90 


-90 





\^32/ 


270 


90 


-90 


-270 











-90 


90 





/ ^33\ 
\^33/ 


-270 


-90 


90 


270 











90 


-90 





\^34/ 


270 


90 


-90 


-270 











90 


-90 





/ 7-33\ 
\ z 35/ 


270 


90 


-90 


-270 











90 


-90 





/ ^33\ 
\^36/ 


270 


90 


-90 


-270 











90 


-90 






C. Total one-loop corrections to baryon magnetic moments 



At this point, we can summarize our findings and provide analytic results. Thus, the final expression of the magnetic moment 
of baryon B up to one-loop order can be organized succinctly as 

,, _ ,,(0) 1 ,,(loop 1) (loop2) ni . 

Applications of this expression will be given in subsequent sections. 



1. Neutron magnetic moment as a case example 



Here we present the full expression at one-loop order for the magnetic moment of neutron just as an example. Although the 
form of the operators which originate it might look breathtaking, the final result gets simplified to a great extent. Thus one has 
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TABLE X: Nontrivial matrix elements of the operators involved in the magnetic moments of decuplet baryons: Flavor 27 representation. The 
entries correspond to A8^/S(Z : ^ ). 





A++ 


A+ 


A 


A" 


E* + 


E*° 


E*~ 




S*" 


n - 


{Zi > 


12 


12 


12 


12 











-12 


-12 


-24 


/ "738 \ 
\ z 2 / 


36 


36 


36 


36 











-36 


-36 


-72 


(^3 ) 


-72 


-72 


-72 


-72 


-72 


-72 


-72 


-72 


-72 


-72 


) 


108 


108 


108 


108 











-108 


-108 


-216 


(Z~5 ) 


108 


108 


108 


108 











-108 


-108 


-216 


(■^6 ) 


-36 


-36 


-36 


-36 











-36 


-36 


-144 


(■^7 } 


-36 


-36 


-36 


-36 











-36 


-36 


-144 


(Z~8 } 


180 


180 


180 


180 











-180 


-180 


-360 




540 


540 


540 


540 











-540 


-540 


-1080 


\Z12j 


540 


540 


540 


540 











-540 


-540 


-1080 




-540 


-540 


-540 


-540 


-540 


-540 


-540 


-540 


-540 


-540 


(Zw) 


108 


108 


108 


108 











-108 


-108 


-864 


\Zl6/ 


108 


108 


108 


108 











-108 


-108 


-864 


(Z17) 


45 


45 


45 


45 











-81 


-81 


-360 


(Zis) 


45 


45 


45 


45 











-81 


-81 


-360 


(Z19) 


-90 


-90 


-90 


-90 


-72 


-72 


-72 


-162 


-162 


-360 


{Z20) 


-90 


-90 


-90 


-90 


-72 


-72 


-72 


-162 


-162 


-360 


(Z21 } 


-90 


-90 


-90 


-90 











-90 


-90 


-360 


{Z22) 


-90 


-90 


-90 


-90 











-90 


-90 


-360 


\Z2ZI 


-90 


-90 


-90 


-90 











-90 


-90 


-360 


{Z24.) 


-90 


-90 


-90 


-90 











-90 


-90 


-360 


(Z25) 


810 


810 


810 


810 











-810 


-810 


-1620 


(Z2&) 


810 


810 


810 


810 











-810 


-810 


-1620 


(Z27/ 


324 


324 


324 


324 











-324 


-324 


-2592 


\Z2SI 


135 


135 


135 


135 











-243 


-243 


-1080 


1 ^38\ 
t Z>29 / 


135 


135 


135 


135 











-243 


-243 


-1080 


/ ^38\ 
\^30/ 


-270 


-270 


-270 


-270 











-270 


-270 


-1080 


/ ^38\ 
\^31 / 


-270 


-270 


-270 


-270 











-270 


-270 


-1080 


\^32/ 


-270 


-270 


-270 


-270 











-270 


-270 


-1080 


\^33/ 


-270 


-270 


-270 


-270 











-270 


-270 


-1080 


/ ^38\ 
\^34/ 


270 


270 


270 


270 











-270 


-270 


-2160 


\^35/ 


270 


270 


270 


270 











-270 


-270 


-2160 


/ ^38\ 
\^36/ 


270 


270 


270 


270 











-270 


-270 


-2160 
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TABLE XI: Nontrivial matrix elements of the operators involved in the decuplet to octet transition magnetic moments: Flavor 27 
representation. The entries correspond to 3&\/2(Zf) and 36\/6(Z^f }. 





A+p 


A°n 


S*°A 


S*°E° 


E* + E+ 


E*~E~ 


= ,*o = o 




(Z'f ) 


8 


8 


-4^3 





4 


-4 


4 


-4 


\ Z 2 / 


























/ ryZZ \ 

\ Z 6 / 


24 


24 














-12 


12 


(Zf > 














-24 


24 


-12 


12 


/ v33\ 
\ Z 9 / 


36 


36 


-18V3 





18 


-18 


18 


-18 


/ ry33\ 


























/ rj33 \ 
{^13/ 


108 


108 


-54^ 





54 


-54 


54 


-54 


, \ 
\^15/ 


72 


72 














36 


-36 


(■^16/ 




















-36 


36 


/ ^33\ 
\^17/ 


18 


18 


-12\/3 





24 


-24 


39 


-39 


/ ^33 \ 
\^18/ 














30 


-30 


15 


-15 


/ ^33 \ 
\ z '21 / 








6^3 





42 


-42 


12 


-12 


/ ^33 \ 
\^22/ 


-36 


-36 


-6^ 





-6 


6 


24 


-24 


/ ^33\ 
\^23/ 


36 


36 


6^3 





6 


-6 


-24 


24 


/ ^33\ 
\^24/ 








-6^3 





-42 


42 


-12 


12 


/ ^33\ 
\Ai2/ 


108 


108 














-54 


54 


/ ^33\ 
\^33/ 














-108 


108 


-54 


54 


/ ^33\ 
\^34/ 




















-36 


36 


\ Zj 3h) 


108 


108 














72 


-72 


/ 733\ 
\^36/ 














36 


-36 


-72 


72 


(Z'f) 











12 


12 


12 


12 


12 


(Zf) 











36 


36 


36 


36 


36 


\ Z 6 / 




















36 


36 


(Zf) 




















36 


36 













54 


54 


54 


54 


54 


/ 7 38\ 

\^11/ 











162 


162 


162 


162 


162 


^13/ 











162 


162 


162 


162 


162 






















108 


108 


1 7 38\ 
{■^16/ 




















108 


108 


/ 7 38\ 

K^n) 











72 


72 


72 


117 


117 


1 738 \ 
X^IS/ 











72 


72 


72 


117 


117 


\ zl 21 / 











-18 


-18 


-18 


72 


72 


/ *738\ 
^22/ 











-18 


-18 


-18 


72 


72 


^23/ 











-18 


-18 


-18 


72 


72 


/ 7 38\ 
^24/ 











-18 


-18 


-18 


72 


72 


/738\ 
\ z, 32/ 




















162 


162 


^33/ 




















162 


162 


/738\ 
\ zl 34/ 




















216 


216 


/ 7 38\ 
^35/ 




















216 


216 


^36/ 




















216 


216 



25 



/-In 



mi m 3 

— - T +J(m,) 



13 



20 



S «i + r ib2 + ^b 2 + -a lb3 + -b 2 b 3 + -a lC3 



7(m K ) 



1 



12 1 6 36 2 54 1 3 18 3 



g«ic 3 



F(m K ) 



+ F(m v ) 



5 77l 2 5 7 2 1 7 2 5 35 l 
-—TO] 777^ diTTl! ai 02777l O9TO1 ai03?77l b 2 b 3 m\ 

6 6 18 24 1 36 216 2 108 324 3 



2 4, 35 o 5 

-aic 3 777i + — &2C3TO1 + -^a x m 2 + — ai6 2 n7. 2 



10 
27 



mi 
~6~ 



aic 3 m 2 
~~6~ ~ 



7 2 
- - 2 a x m 3 

m 3 _ 7 , 
18 24° ] 



35 , 20 2 

— a x b 2 m 3 + ^ai^ 



1 

' 216 

4 



637772 



25 
324 



ai& 3 777 2 



27 



aib 2 m,4 



1 

12 



aib 2 mi 



23 ,2 

9 777l 

216 2 



7 25 



2 j 13 2 1 , 1 ,2 1 l 5 

— O2C37771 + — a x m2 + — ai6 2 m 2 - —b 2 m2 - — ai6 3 ?77 2 + — aic 3 7772 



11 2 25 , 4 2 

a, 7773 ai 627773 H a, 7774 

216 1 324 3 27 1 



27 



a\b 2 mA 



18 



a 2 mi 



1 



ai6 2 777l 



1 

18 



6 2 777l 



1 

27 



ai6 3 777l 



^6 2 6 3 777l - ^ a l TO 3 



1 

27 



aib 2 m 3 



(78) 



Expression ( |78| i along with the additional 26 remaining are the ones actually used in the comparison with other analytic results 
and the experiment. Let us carry on with the analysis and perform such comparisons for the sake of completeness. 



V. COMPARISON WITH CONVENTIONAL HEAVY BARYON CHIRAL PERTURBATION THEORY 

It is instructive to compare our computation of baryon magnetic moments at the physical value N c = 3 with the one obtained 
in the framework of conventional heavy baryon chiral perturbation theory, i.e., the effective field theory with no 1 /N c expansion. 
In Ref. 114 111 it has been shown that there is a one-to-one correspondence between the parameters of the 1/N C baryon chiral 
Lagrangian at N c = 3 and the octet and decuplet chiral Lagrangian. The baryon-pion couplings are related to the coefficients of 
the 1 /N c expansion of A la , Eq. ®, at N c = 3 by EH 

2 b 

F = iai + \b 2 + h 3 , (79b) 

3 6 9 

C = -01 - \c 3l (79c) 

W = -f 01 " |&a " \h- (79d) 

On the other hand, the magnetic moments in conventional heavy baryon chiral perturbation theory are parametrized by four 
SU(3) invariants fip, nc an d /Jt 01911 while in the present analysis they are parametrized in terms of mi, with i = 1, . . . , 4, 
introduced in Eq. ([9). We recall that Eqs. ( fTTt , ( fT9] i, and (l24l suggest a close connection between these two sets of parameters. 
This is indeed the case and, at N c = 3, they are related by 

Hu = \mi + ^7773, (80a) 

2 

1 1 1 

fl F = -7771 + 7">2 + -7773, (80b) 

3 6 9 
115 

= + 2™ 2 + g m3 ' ( ' 80c - ) 

[It = — 2mi — 7774. (80d) 

In the literature, there are some analyses of baryon magnetic moments within heavy baryon chiral perturbation theory which 
allow us to carry out a comparison of our respective results in the limit A — > 0, where A is the decuplet-octet mass difference. 
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The work by Jenkins et. al. about octet baryons allows a full comparison between one-loop corrections whereas the papers 
by Geng et. al. [26] for decuplet baryons, and Arndt and Tiburzi [24] for decuplet-octet transitions only allow partial comparisons 
of contributions emerging from loop graphs of Fig.[TJ 

For octet baryons, we obtain a remarkable agreement with the theoretical expressions displayed in Eq. (16) of Ref. fl9ll 
when using relations ( F79b and (TSOb . except for the global factor —5/2 missing in the loop contributions of Fig. 2(c) of this 
reference (which corresponds to Fig. |2{b) in the present paper). When fixing this omission, the agreement is achieved for all 
nine observables. 

As for decuplet baryons, starting from Eq. (17) of Ref. ll26ll and working in the limit A — > 0, we find a perfect agreement 
between their results and ours, once their conventions about the couplings C and H are taking into account. 

Finally, Arndt and Tiburzi [24] present the calculation of baryon decuplet to octet electromagnetic transition form factors in 
quenched and partially quenched chiral perturbation theory, and provide the corresponding SU(3) coefficients emerging from 
these schemes. They also present the counterparts of such coefficients that appear in chiral perturbation theory. These are 
precisely the coefficients we need to compare with. We find that, except for transitions and S*°S°, the theoretical 

expressions differ by a global sign. 

We would like to close this section by stating that, to the order of approximation implemented here, both approaches lead 
to the same results. This fact causes no surprise. Previous works have shown this matching for baryon masses 14 ll 14611 and 
axial-vector couplings ll37ll in a systematic way. 

We now examine another aspect of the suggested comparisons, this time with experimental data. 



VI. NUMERICAL ANALYSIS 



At this point we are able to perform a detailed numerical comparison of the expressions obtained in our analysis with the 
available experimental data H42I1 through a least-squares fit. The data consists of seven out of the eight possible magnetic 
moments of the baryon octet (/i s o has not been measured yet), together with /xq- , /ias° and /iA+p- Another piece of information 
which can also be incorporated is /Ja++ = 6.14 ± 0.51/1 at, value obtained through a study of radiative ir + p scattering within a 
dynamical model in Ref. [47]. All this information is summarized in the second column (from left to right) of Table Kill All in 
all, we have 1 1 observables at our disposal to perform the fit. 

The analytic expressions used are written in terms of two sets of parameters: the first one is constituted by ax, 62, &3 and 
C3 arising from the 1/7V C expansion of A kc , Eq. (JHJ, and the latter is formed by mi, . . . , 7714 arising from the 1/N C expansion 
of M fec ,_Eq. (0. According to the naive large-A^ counting, these parameters should be of order (D(N®). Previous works 
lfl3i[37i[38ll have found that this is indeed the case for the first set of parameters. However, in order to ensure that this also occurs 
for rrii, we can follow Ref. lfl5ll and introduce an appropriate scale ao — 2/ip Xp which multiplies m^. The reasoning for doing so 
is that being the best measured magnetic moment, to leading order in the \/N c expansion reduces to mi/2 [see Eq. (fT5b)l. 
Thus, the natural choice for such a scale is the one pointed out above. Notice that we should exercise some caution at this point 
because the parameters m t enter linearly at tree level and one-loop order only in contributions of Fig. [2] whereas contributions 
of Fig.Q]do not depend on them at all. Therefore, the actual theoretical expressions we use in the fit take on the form 

VB = ao(^ + ^ op2) ) + »B OVl> - (81) 

We can proceed with the numerical comparison in several ways. For instance, the first set of parameters can be borrowed 
from the analyses on baryon semileptonic decays in the form of either the invariant couplings D, F, C and Tt l34l l35ll or the 
parameters of the 1/N C expansion themselves 13711 . both at tree-level and one-loop corrected values. We however found that 
none of these options lead to a reasonable fit because the corresponding \ 2 was so high that the expansion would break down. 

We shall follow a more pragmatic approach by allowing all eight unknown variables to enter into the fit as free parameters. 
The available experimental data and the total number of free parameters allow this issue. Now, in order to get a meaningful 
X 2 , we add a roughly estimated theoretical error of 0.05 [In to each magnetic moment, guessing that the higher order effects in 
symmetry breaking are at a few percent level. This procedure will also avoid a bias towards the best measured quantities. 

Thus, after a standard procedure, we find that the best-fit parameters are 

ai = 1.06 ±0.12, mi = 1.29 ± 0.04, 

6 2 = -1.05 ±0.19, m 2 = 0.34 ±0.16, 

63 = -1.11 ±0.19, m 3 = -0.14 ±0.10, (82) 
c 3 = -0.91 ±0.16, m 4 = 0.07 ±0.24, 

with x 2 — 7.53 for 3 degrees of freedom and the quoted errors come from the fit only. The higher contributions to x 2 come from 
fi n (Ax 2 = 1.55), /ja (Ax 2 = 1.15) and /iA++ (Ax 2 — 2.14). We should remark that this relatively high x 2 is a consequence 



27 



TABLE XII: Numerical values of baryon magnetic moments found in this work and comparison with the available experimental data. The 
entries are given in nuclear magnetons. 



Baryon 


Experimental data 


Total 


Tree level 


Loop 1 


Loop 2(a-d) 


Loop 2(e) 


n 


-1.913 ±0.000 


-1.975 


-2.315 


-0.075 


0.136 


0.278 


V 


2.793 ± 0.000 


2.759 


3.785 


-0.106 


-0.086 


-0.833 


5T 


-1.160 ±0.025 


-1.179 


-1.470 


0.146 


0.104 


0.041 


E° 




0.625 


1.157 


-0.037 


-0.058 


-0.437 


E+ 


2.458 ±0.010 


2.428 


3.785 


-0.220 


-0.220 


-0.916 




-0.651 ± 0.003 


-0.691 


-1.470 


0.085 


0.056 


0.638 


— '(} 


-1.250 ± 0.014 


-1.301 


-2.315 


0.169 


0.053 


0.792 


A 


-0.613 ± 0.004 


-0.559 


-1.157 


0.037 


0.124 


0.437 


AE 


1.61 ± 0.08 


1.594 


2.005 


—0.033 


—0.013 


—0.365 


A TT 


6.14 ± 0.51 


5.390 


7.752 


—0.185 


—0.386 


—1.791 


A + 

A 




2.383 


3.876 


—0.110 


—0.299 


— 1.085 


A 

A 




—0.625 


0.000 


—0.034 


—0.211 


—0.379 


A — 

A 




—3.632 


—3.876 


0.041 


—0.123 


0.327 


E 




2.519 


3.876 


—0.075 


—0.576 


—0.706 


E 




—0.303 


0.000 


0.000 


—0.303 


0.000 


E*~ 




—3.126 


—3.876 


0.075 


—0.031 


0.706 






0.149 


0.000 


0.034 


—0.265 


0.379 






—2.596 


—3.876 


0.110 


0.085 


1.085 


o — 

5 I 


— Z.U2 ± 0.05 


O (ill) 


— 3.0/6 


0.144 


O.zzo 


1 A CX C 

1.465 


A+p 


3.51 ±0.09 


3.481 


3.496 


1.887 


-1.266 


-0.637 


A°n 




3.481 


3.496 


1.887 


-1.266 


-0.637 


E*°A 




-2.863 


-3.027 


-2.163 


1.776 


0.551 


E*°E° 




1.924 


1.748 


2.393 


-1.556 


-0.660 


E* + E+ 




3.639 


3.496 


4.252 


-3.130 


-0.979 


E*"E" 




0.210 


0.000 


0.534 


0.018 


-0.342 






3.464 


3.496 


4.252 


-3.304 


-0.979 






0.110 


0.000 


0.534 


-0.082 


-0.342 



Value reported in Ref. jJJ. 



of our working assumptions. From relations ( 179) , we find numerically that F = 0.05, D = 0.34, C = 0.60 and H = —2.76, 
values that differ from their counterparts extracted from baryon semileptonic decays l34l l35ll . Thus, the extraction of these 
parameters from baryon magnetic moments will have to await for both new and better measurements. In a similar fashion, we 
also find fip = 2.63, = 3.47, fXc = 3.88 and /i# = —14.83, which also differ from other determinations Qj|] . 

Nevertheless, the best-fit parameters obtained are quite interesting and agree with expectations. We notice that the first set of 
parameters are order 0(1), as expected. As for the second set, with the introduction of the scale arj, the values are in quite good 
agreement with the l/N c predictions: The leading order parameter mi is order 0(1), whereas m.2, and to 3 and TO4 are roughly 
suppressed by 1 /N c and 1 /N%, respectively, relative to the leading order parameter. 

In Table IXIll the third column (from left to right) displays the predicted magnetic moments within the combined expansion 
in m q and 1/N C . The remaining columns display the contributions to these predicted values arising from tree-level and loop 
graphs from Fig.[T]|2ja-d), and Fig.|2|e). The predicted magnetic moments are in good agreement with the existing experimental 
ones. We are able to also provide some predictions of the unmeasured magnetic moments. They are in good agreement with 

some other predictions presented in the literature lfl5il26ll and will not be reproduced here. We only mention that, for instance, 

1/2 

/i E „o = at tree level and up to corrections of order 0(m q ' ), but a nonvanishing contribution is picked up due to terms of 
order 0{m q lnm q ). We also note in passing that, for the transitions AE°, S*°A, £*~£~ and although their predicted 

magnetic moments are in magnitude comparable to the ones reported in Ref. fl5ll . they carry the opposite sign. 

VII. SUMMARY AND CONCLUSIONS 

In this paper we evaluated the magnetic moments of baryons up to one-loop order within heavy baryon chiral perturbation 

1/2 

theory in the large- A^ c limit, considering corrections of the types m q and m q h\m q . As a starting point, we used the fact 
that in the large-A^ c limit both the baryon axial-vector couplings and the baryon magnetic moments share the same kinematical 
properties so they can be analyzed in terms of the same operators. Hence, in Sec. [TTT1 we constructed the 1/N C expansion of the 
baryon magnetic moment operator M k based on the expansion deduced for the axial-vector current operator. At this level, the 
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matrix elements of M k yield the tree-level values of magnetic moments. As a byproduct, the Coleman-Glashow relations could 
be straightforwardly derived. In Sec. [IV] we turned to compute one-loop corrections to the tree-level values, analyzing separately 
the corresponding Feynman diagrams of the two kinds of loops as they involve rather different mathematical complication. We 
should stress that one of the most important assumptions was carrying out the study in the degeneracy limit A = Mt — Mb —* 0, 
where Mt and Mb are the SU(3) invariant masses of the decuplet and octet baryon multiplets, respectively. This assumption 
is not a withdrawal of the analysis due to the fact that in the large-7V c limit, A is order 0(1/N C ) so this limit constitutes a very 
good first approximation. 

The final analytic expression could be cast into Eq. (ITTT i. This expression was crosschecked with other calculations and 
with experiment. Existing analytic results in conventional heavy baryon chiral perturbation theory comprise complete one-loop 
corrections only for octet baryons lfl9ll22ll23ll whereas for decuplet baryons and decuplet-octet transitions only corrections of the 
type m l J 2 are available j24ll26ll . Barring a few exceptions (global multiplicative factors and/or opposite signs), the comparison 
with existing analytic results has been a successful one. The advantage of our approach is that one only needs to construct 
a universal operator M k + 5M k , where SM k stands for one-loop corrections, evaluate the matrix elements of this operator 
between SU(6) baryon states and compute the integrals over the loops. Here we have performed the analysis to relative order 
0(1/N^). It is now clear that if we had involved ourselves in evaluating higher order contributions, we would have faced a 
much more complicated computation, perhaps not yet needed. 

On the other hand, the comparison with the available experimental data has been performed through a least-squares fit to 
evaluate the unknown parameters in the theory (eight in total). This analysis was indeed illuminating. Like Ref. 11911 . we also 
found evidence that the invariant couplings F, D, C and Tt [related to the parameters of the l/N c expansion of the axial current 
by Eq. (|79lll, neither at tree level nor one-loop corrected, produce physically admissible fits. We had no other choice but to let all 
eight parameters enter as free ones in the analysis. The best-fit parameters agree very well with expectations. These parameters 
are then used to provide numerical values of magnetic moments from the theoretical standpoint; all this information is displayed 
in Table IxTTl The available experimental magnetic moments are fairly well reproduced by their theoretical counterparts. In a 
general fashion, our results can also be compared with other numerical evaluations lfl5ll26ll and the agreement is acceptable. It 
is evident that, in order to be definitive, it should be interesting to redo the analysis for A ^ 0. This, however, requires a rather 
formidable effort which goes beyond the scope of the present paper. 

Returning to the main discussion about the comparison of this approach with conventional heavy baryon chiral perturbation 
theory, it should be emphasized that these two formulations yield to identical results. Nonetheless, in a given context, one or the 
other might be more inviting for computational ease. 
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APPENDIX A: REDUCTION OF BARYON OPERATORS: STRUCTURE OF DIAGRAMS OF FIG.Q] 

In this appendix we turn to explicitly present the computation of the product operator e l j k A ta A : > b r ab introduced in Eq. ( f27l i. 
Here r afc contains two pieces which transforms as flavor 8 and flavor 10 + 10, respectively. We have performed the calculation 
by keeping iV c and Nf arbitrary, although the physical values Nf — 3 and N c — 3 are used in the numerical evaluations. 

For the flavor 8 piece we explicitly have 



(Al) 



e ijkfabc G ia G jb = _1(JV C + Nj)G kc + ~X>: 
e ijk fabc^Qiajyjb + v %G jb ) = -N f G kc - O kc , (A2) 
e ijk f abc Vi a vi b = ~N f V% c , 
e ijk f abc (G ia Vi b + V i a a G jb ) = -2(N C + N f )G kc - (N f - 2)V\ C - (N c + N f )<D$ c , (A4) 
e ijk fabc(Qia 3b + QiaQjb^ = ^N f X)f - i(7V c + N f )V kc - l-(N c + N f )0% c + V 



2 L ':l = ^•V/'^'j' • ( A3 ) 



(A5) 
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e ijk fabc^piapjb + V i* V 0b^ = -NfV kc , (A6) 

e ijk f abc (Di a Oi b + OfV J 2 b ) = -N f O kc - Of. (A7) 
For the flavor 10 + 10 contribution we have 

e ijk^aec d b e S _ jbec d aeB _ fabe jecSsQia Qjb = G*8} _ _{G kc ,T 8 } + —[J 2 , [T 8 ,G kc ]}, (A8) 

2 2 N f 



Nc + Nf -[J 2 ,[T s ,G k % (A9) 



N f 

e ijk^aec d beS _ fbecjaeS jabe jecS^iajjjb = (A1Q) 



e ijk^aec d be8 _ jbec^eS _ pbe tfc^Qiajyjb + jygQjb} = 2 | T c ^ gfcS} _ 2 {G kc , T 8 } + ^[J 2 , [T 8 , G kc }} 

+ {J 2 , {T c , G k8 }} - {J 2 ,{G kc , T 8 }} - {V kc , {J r , G r8 }} + {V k \ {J r , G rc }} + A{ j\ [j\ [T 8 , G fcc ]]}, (All) 

Nf 

e ijk^aec d be8 _ jbecjaeS _ pbe ^c&^Qia Qjb + QiaQjbj _ 1 1 j2) {yc gfeS}} _ ^{J 2 , T 8 }} 

+ i{P 2 fec , { J r , C 8 }} - i{2? 2 fe8 , { J 1 ", G rc }} + -U J 2 , [J 2 , [T 8 , G kc }}}, (A12) 

2 2 TV/ 

e ijk^aec d be& _ jbecjaeS _ ^abe^^ia^b + = ^ (A13) 

e ijk^aec d be8 _ jbecjaeZ _ f^e^^a^b + Qiajyjb^ = „|{ j2 ; \Qkc j {jr^ qtSjj-j. + |{ | jr^ grcjjj. 

8 8 
+ |{ J fc , [{J™, G mc }, { J\ G r8 }}} + Nc + Nf {J 2 , [J 2 , [T 8 , G fcc ]]} - |{[J 2 , G fcc ], { J\ G r8 }} 

O Nf o 

+ |{[J 2 , G k % { J r , G rc }} - {J 2 , {G kc ,{J r , G r8 }}} + { J 2 , {G fc8 , { J r , G rc }}}. (A14) 
8 

We notice that the product operator A la A : > b is at most of order 0(N 2 ), so no large- N c cancellations were expected in the 
reduction of this operator in terms of the operator basis. 

APPENDIX B: REDUCTION OF BARYON OPERATORS: STRUCTURE OF DIAGRAMS OF FIG.H 

In this appendix we now present the reduction of the product operator [A la , [A lb , ^4 fcc ]]n ab introduced in Eq. ( f53l l. Here H ab 
decomposes into flavor singlet, flavor 8 and flavor 27 representations, according to Eq. (f54-b . To the order in 1 /N c implemented 
in this work, the results can be organized as follows: 

Flavor singlet contribution: 

3N 2 -A , 

[G", [G m , G kc }} = —f- — G kc , (Bl) 
4N f 

[G M , [V l 2 a , G kc }} + [V l 2 a , [G w , G kc }} = ( Nc + MfJ Wf ~ 2 ) G kc + Nf * 2 Vf, (B2) 

N f 2 
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77V 2 + 47V f -4 

[G ia , [G ia ,V kc \\ =-(N c + N f )G kc + f — J 2? 2 fec , (B3) 

47V/ 



[G w , [X>* a ,X>/r]] + [X>j, a , [G W ,X>£ C ]] = -2N f G kc + 2 ( Nc + N f^ N f — l lj) kc + ^J-V kc - 20 kc , (B4) 

N f 2 

N c (N c + 2Nf)(Nf -2)-2N 2 f . N f + 2 u 7V f +4 u 
[Vf, [Vf,G kc ]] = > + l 21±±vf + '-^f^Of, (B5) 

7V 2 + 27V f -4 . N 2 f +2N f -8 . 

[G m , [Vf, G kc }} + [Vf, [G ia , G kc ]] = 2(N f - 2)G kc + (N c + N f )V kc + i OAr J V kc + -I — - O kc , (B6) 

27V/ N f 

HAT? + 127V/ - 4 , 

[G*°, [G M ,V kc ]} = -[N C (N C + 2N f ) + 4]G fec - 4(7V C + N f )V kc + f AAr V kc , (B7) 

47V/ 

[G ia , [Of, G kc }} + [Of, [G ia , G kc }} = ~(N C + N f )V kc + Nf ^ - V kc + N f O kc , (B8) 

117V 2 + 127V/ - 4 , 

[G ta , [G ia , O kc }} = [-7V C (7V C + 2N f ) + N f ]G kc + (N c + N f )V kc + f AAT O kc , (B9) 

47V/ 

7V c (7V c + 27V f )(7V f -2)-27V 2 , N f + 2 u 

[Vf, [Vf, V kc }} = > S -V k f + ^^V kc , (BIO) 

27V/ 2 

[Vf, [Vf, G kc }} + [D™, [Vf, G kc }} = -4(7V C + 7V/)G fec - 2(7V/ - 2)V kc + (^c + /V/)(37V/ - 2) , c 

_/V/ 

+ 2 (*« + y/-V + (JV _ 2)Df j (Bii) 

TV/ 

[G w , [X>^ a , £>§ c ]] + [X>^ a , [G w , X>£ c ]] = -4(7V C + 7V/)G fcc + [7V C (7V C + 27V/) + 2N f ]V kc + (7V C + N f )V kc 

-2(N c + N f )O kc + -V kc , (B12) 
TV/ 

[G w , [X>j°,X>§ c ]] + [V?, [G ia ,V kc ]] = -4(7V C + 7V/)G fec - 2(7V/ - 2)V kc + ^ c + N N 3N f ~ ^ vf 

Nf 

— 2(N C + Nf)O kc + (Nf — 2)V kc , (B13) 
[Vf, [Of, G kc }} + [Of, [Vf,G kc ]] = ZNfV^ - (7V C + N f )V kc - (7V C + N f )O kc + 2V kc , 

(B14) 

[G la , [Of,V kc \\ + [Of, [G la ,V kc ]} = -^[7V C (7V C + 27V/) - AN f ]V kc - ^(7V C + N f )V k f - (N c + N f )O kc 

+ 3(N f + 2)V kc , (B15) 

[G ia , [Vf, Of}} + [Vf, [G ia , O kc ]] = 3N f V kc - (7V C + N f )V kc + 2<yNc + Nf ^ Nf ~ ^ of + 2V k f . (B16) 

N f 
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Flavor 8 contribution 

d oh8 [G"\ [G lf \ G fcc ]] = —L- d c8e G ke + * T2 5 cS J k , (B17) 

SJM f f 

d abs Q G i 0) [!>«•, G fec ]] + [X>«*, [G if \ G fcc ]]) = + AT/) (jV> - 4) ^Se^fce + (N c + N f )(N f - 2) scSjk 

2Nf N f 

+ ^-^d^Vf + \{T C , G k8 } + ^^{G fcc , T 8 } + JV/2+ 4 ^ / ~ 4 [A P*> G fec ]], (B18) 



cT b8 [G w , [G i6 ,Z>£ c ]] = - Nc ] ~ Nf d c8e G ke + 3Nf o +A d c8e V ke + Nf — -{T c ,G k8 } - \{G kc ,T 8 } 

2 8 " 2N f 2 

+ -Uj 2 ,[T 8 ,G fec ]], (B19) 
N f 

d ab8 n G ia^ [T> l 2 b ,V kc ]} + [V l 2 a , [G lb ,V kc ]}) = -N f d c8e G ke + ^— + N N N f ~ 2 ) {r c , G k8 } + ^ c — [J 2 , [T 8 ,G fcc ]] 

A 7 / A 7 / 

+ ^ld c8e V ke - d c8e O% e + N t~ 2 {J k , {T c , T 8 }} - {G fcc , { J r , G r8 }} + {G fe8 , { J r , G rc }}, (B20) 
4 ' ' 2Nj 

d ab8 [D?, [2^,G fec ]] = -^d c8 *G ke + (Nc + Z f !r Nf ~ 4) {G kc ,T 8 } + Wc + Nf)(N f -4) ^ ^ Qk 

2 2iVy 4Afy 

+ ^kd c8e V ke + Nf + 2 d c8e O ke + '^{G kc , { J r , G r8 }} - ^{G ks , { J r , G rc }}, (B21) 

rf a68 Q G iO ) G k C]] + [p. ^ G fcc^ = ( Nj _ ± )d c*e G ke + N C (N C + 2N f ) + Wf - 8 ^jk + N c + Nf 

2N f 2 

o « u N 2 + 2N f -8 a , N 2 f + 2Nf — 20 1 , 

+ (N c + N f )[J 2 , [T , G kc ]] + S — - d c8e V ke + f —/ d c8e O ke + -{J k , {T c , T }} 

4iV f II V f 4 



- { J fe , {G rc , G r8 }} + ^ — -{G fcc , { J\ G r8 }} + iV/ + 2 {G fc8 , { J r , G rc }} + Nf „ V 8 {J 2 , J fe }, (B22) 
AT/ AT/ A^ 

«' -n'.'-'ll _ /ijcSe^fee 2[N C (N C + 2N f) — A 7 / + 2] g . N,c8e^,fee ,- \- -,- - ■ i 



d ab8 [G ia , [G tb ,V kc ]] = -4d c8e G fce - L__L^8 jfc _ + Nf } d c*e v ke _ + N f ){G kc , T } 

+ l(N c + N f )[J 2 , [T 8 , G kc }} + 3Nf o + 8 d c8e V ke - ^-d c8e O ke - {J k , {T c , T 8 }} + (A 7 / + 2){J k , {G rc , G r8 }} 
2 8 Nf 

2 t A 7 ? + 2AT f - 6 . s jV f + 2 „ , t 

+ J^ f {G kc , U r , G r8 }} + } Nf / {G k8 , {J r , G rc }} + — {J , J k }, (B23) 

d abs Q G ia ; pib^ G fccj] + p» [G i6 , G fec ]]) = - 3jVc( ^ 27V/) J c8 J fc - ^(A^ c + N f )d c8e V ke 

4 

1 oat. A^ 2 + AT f - 4 _ , N 2 — 2 , 3 , 
- -{N c + N f )[J 2 , [T , G kc ]] + d c8e V k / + -L—d^O^ -{J k , {T c , T }} 



N t + 4 , o 1 1 2A 7 "? + Nt — 4 

J fc , {G rc , G r8 }} + ^{G fcc , { J r , G r8 }} - -L{G fe8 , { J r , G rc }} + f J 5 {J , J k }, 

ZiVf iV / iv^ / 

(B24) 
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d ab8 [G ia , [G lb ,O kc ]] - ^ld c8e G ke + Nc( - Nc + 2N ^ s cS J k + Nc + Nf d c8e V ke - (TV C + N f ){G kc ,T s } 
2 27V/ 2 

o -, 37V 2 + SNt 8 1 

- |(7V C + 7V/)[J 2 , [T 8 ,G kc ]} - — d c8e Vf + f f d^Of + -{J k ,{T c ,T s }} 

Nf + 27V/ — 4 , „ 7V 2 + 27V f -l , „ TV 2 + 27V/ - 2 , s 

- y 2N { A {G rc , G rS }} + f > {G kc , {J r , C 8 }} - f 2N {G k \ {J r , G rc }} 

~ ^ c& {J\J k }, (B25) 

d ab8 [V\ a , [V l 2 b ,V% c ]] = -^fd c8e V ke + (^ c + J ^)( jV >~ 4 ) {jfc ) {T c , T 8 }} + ^fd cSe V ke + {V kc , {J r ,G r8 }}, (B26) 

2 47V/ 4 

d a68 ([jjm ^fecjj + [pm ^ gkc]]) = + Jf^jeSeQke _ ^ _ 2 )d c8e V ke - 2{G kC , T 8 } 

TV/ 2 ' TV/ 

+ 3 ( JVc + j ^)( jV "/- 2 ) {G ^, { j r , c 8 }} - (7Vc + jV {' )(jV/ " 2) {G fc8 , { J r , G rc }} + ^J—^d^Vf 

N f N f 2 

- { J 2 , {T c , G fc8 }} + ^-^{ J 2 , {G fec , T 8 }} - 2(J ^" 2) {P 2 fc8 , {A G rc }} + |{ j 2; [G fec , { J^, G r8 }]} 

- ^{J\ [G ks ,{J r , G rc }]} + ^{[J 2 , G k % { J r , G r8 }} - ^{[J 2 , G k % { J r , G rc }} 

- ^{-A [{■T 7 ", G m l, U r , G rS }}} + f m f f V 2 , [A [T 8 , G kc }}}, (B27) 

d ats ^ G ia^ [Df,V kc ]] + [D™, [G ib 1 V kc ]]) = -~2(N c + N f )d c8e G ke - (Nf - 2)d c8e V ke - 2{G kc ,T 8 } 

+ 2(N f - 1){T C , G k8 } + -^[J 2 , [T 8 , G fcc ]] + Nc \ Nf d c8e V ke - (7V C + N f )d c8e Of 

Nf 2 

+ Nc + Nf {J k , {T c , T 8 }} + ^J—ld^Vf + N f +3N f- 8 {J 2, {T c ; G ks }} _ { j2j {G kc^ T s }} 
2 2 N f 

- (N f + 2){V kc , {r, G r8 }} + 2{D k8 , {J r , G rc }} + -^-{J 2 , [J 2 , [T 8 , G kc }}}, (B28) 

iV / 

d ah8 q g « pfccj] + [pm [G 4b ,pf ]]) = -2(N C + N f )d c8e G ke - (Nf - 2)d c8e V ke - 2{G fcc , T 8 } + 2{T C , G fc8 } 

+ 2(N S - 1)[J 2 , [T 8 , G fcc ]] + -(N c + N f )d c8e V ke - 2(iVc + Nf) d c8e O ke - {Nc + Nf){Nf - 2) {G fcc , { J r , G r8 }} 

2 TV/ TV/ 

+ 3(TV c + TV / )(TV / ^2) {Gfc8 ^ j ^ Grc}} + 1 _ 2)dcSev ke + { j2; {TCj G fe 8}} _ | j2; {G fc C; T s }} 
Nf 2 

- 2{V kc , {J r , G r8 }} + mt N J 1] {V k8 ,{J r , G rc }} - g{ J 2 , [G kc , {J r , G r8 }}} + ||{ J 2 , [G fe8 , { J r , G rc }}} 

- ^{[J 2 , G kc ],{J r , G r8 }} + g{[J 2 , G k % {J\ G rc }} + g{ J fe , [{ J m , G mc }, {J r , G r8 }]} 

+ {J 2 ,[J 2 ,[T 8 ,G kc }}}, (B29) 
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d abS Hjyia^ pib^ Qkc^ + gfccm = % N jc&ejyke + N f 2 y2 ^ p,8 ^ Qffcc]] _ N c + N f tfSejyke 

2 "2 iVy 

_ iV c + iV/ ie8egfce _ (N c + N f )(N f -2) k ^ {Qrc ^ Gr8}} _ (N c + N f )(N f -2) kc ^ {jr ^ Gr8}} 
N f 3 iV/ 11 : ' 2N f 

+ (^ + ^>)W- 2 ) {G fc8 i {ir> G ,c }} + (WHlf^/, J* } + rfcSe^e _ 1 { j2 ^ ^ T » }} 

2Nf N J 2 



+ -{J 2 , {G fc8 , T c }} + -{2? 2 fcc , {.T, G r8 }} - -{2?f , {.T, G re }} - -{J\ [G kc ,{.r, G rS }}} 
+ |j{ J 2 , [G ks ,{J r , G rc }}} - g{[J 2 , G kc ], { J r , G r8 }} + g{[J 2 , G k % { J\ G rc }} 

+ [U™ G mc }, { J r , G r8 }]} + \{ J\ [J 2 , [T 8 , G fec ]]}, (B30) 

d afc 8 q g « [o l 3 \v kc ]} + [Of, [G lb ,V kc ]]) = W f d c8e V ke - ^(N c + N f )d c8e V ke - i(7V c + N f )d c8e O k ^ e 

- \(N C + N f ){J k 1 {T C ,T S }} + ^l+l d ^e V ke _ l {J 2 j{GfeCjT 8 }} + N f+Kf- 4 {J 2 AG k8 iT c }} 

N 2 t + 6N f + 4 1 

+ f ' {V k 2 c , { J r , G rS }} - 2{V k \ {J\ G rc }} + —{J 2 , [J 2 , [T 8 , G fcc ]]}, (B31) 

2 N f N f 

d abs /[ G io j [p« o^] + [p*^ [G i6 ,0§ c ]]) = -N f d cSe V ke - -(Nf - 2)[J 2 , [T 8 ,G fec ]] - Nc + Nf d c8e V ke 

2 "2 Nf 

+ MW^e _ {G , C; G , 8}} + (MMM {G * { <r . ) G , 8}} 

2iV/ TVf 2iVy 



(jV c + jV / )(iV / -2) {Gfc8; { J7 . Grc}} + { ^ { ^ Gr8}} + (N c + Nf)(Nf-2) 5cS{j ^ Jk} + dcSevke 
2Nf - N f 



+ J2 ' {GfcC ' r8}} ~ 2( %. ^ V^'i^ G rc }} - ^{J 2 , [G fcc , {J*, G- 8 }]} + ^{ J 2 , [G fc8 , { G-}]} 

4^ 4^ 4^ 

- ^{[J 2 , G fcc ], { A G r8 }} + ^{[J 2 , G k % { J r , G rc }} + -^{J k , [{ J"\ G mc }, { J*\ G r8 }]} 

A^? - 4 
47V/ 

Flavor 27 contribution 

[G l8 , [G* 8 , G fec ]] = i (2d c8e d 8eff + / c8e / 8e f) G fcs + -^5 c8 G fe8 + -^-d c8S J fc , (B33) 

[G l8 , [^ 8 ,G fec ]] + [P^ 8 , [G 48 ,G fec ]] = -f^f^ka + 2_ 5 c& v f + d cSe {G ke ,T 8 } + -f c8e [G k8 ,{J r ,G re }} 

2 ' N f ~ 2 

+ \f c * e [G ke ,{J r ,G r8 }l (B34) 

[G* 8 , [G l8 ,I?^]] = -f c8e f 8e3 T> k9 + ^- ( 5 88 ^ c + id 88e {G fee ,T c } + -.f c8e [G fc8 ,{J r ,G re }]--/ c8e [G fce ,{J r ,G r8 }], (B35) 
4 TVj 2 2 2 

[G* 8 , [P| 8 ,D^ C ]] + [Df, [G i8 ,V kc ]} = -fctefSegQkg + }_ f cSe fegpkg + { G k8^ T c ,T 8 }} 
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|2ji8 p}*8 ^f/ccjj ^c8ej?8eg£ikg _|_ ^_ ^cSe j^Segj-ykg ^_ yc8e jSeg ^kg _^ Jl^^^ c X^}} — jL^kimycSe^^iS G me }} 

4 2 2 (B37) 

[G* 8 , [X>f, G kC ]] + [X»j 8 , [G* 8 , G kC ]] = -f^f^kg + J_ S c8 V k8 + d c8e d 8eg kg + ^cSe {Qke ^ |jr^ QrSyy 

2 N f 

-d cSe {G k8 ,{J r ,G re }}, (B38) 



[G i& , [G l8 ,V kC ]} = A fc8e f 8eg G k g + ^ejSegpkg + 1 f c8e jSegpkg _ JL § c8 Vf + J^5 88 V kc + j^d c88 {J 2 , J k } 

- 2{G kc , {G rS , G rS }} + 2{G k8 , {G rc , G rS }} - 3d c8e {J k , {G re , G r8 }} + d 88e {J k , {G rc , G re }} 

+ d c8e {G ke ,{J r , G r8 }} + d 88e {G ke ,{J r , G rc }} - I e w ™/ c8e {T e , {J 1 , G m8 }}, (B39) 

[G l8 , [Of, G kC }} + [Of, [G l8 , G kC }} = -d c8e d 8e9 V k9 + -d c8e d 8e9 Ot 9 + -f^f8eg kg + JLjcS^fcS 

2 2 '2 ' Nf 

+ 4r dC&8 U 2 , J k ] - d c8e {J k ,{G re , G r8 }} - \d c8e {G ke ,{J r , G r8 }} + \d c8e {G k8 , { J r , G re }}, (B40) 
Nf 2 2 

[G l8 , [G t8 ,Ol c ]] = lf<**f**BG kB + —S c8 V k8 + -d c8e d 8e9 O kg + If^fesQkg + JL^fcs + 2_ § 88 kc 
4 Nf "2 4 ./Vy ' Nf 

- {G kc , {G r8 , G r8 }} - {G k8 ,{G rc , G r8 }} + ^d c8e {J k , {G re , G r8 }} - ^d 88e {J k ,{G rc , G re }} + d 88e {G kc , {J r , G re }} 

- ^d c8e {G ke ,{J r , G r8 }} - ^d 88e {G ke , { J r , G rc }} + d c8e {G k8 , {J r , G re }} + 5 e feim / c8e {T e , {J\ G m8 }}, (B41) 

[Vf, [Vf,V kc \] = - f cSefeg v k g + 1 ^fc {T 8 _ r 8 }} + ^ f c8e fBegpkg f ^ 

[X>j 8 , [£f ,G fcc ]] + [Df , [£f,G fec ]] = -«.r 8e [G fc8 ,{J r ,G re }] - 2i/ c8e [G fce ,{J r ,G r8 }] + d c8e { J 2 , {G fce , T 8 }} 

- d c8e {V k8 , {J r , G re }} - {{J r , G rc }, {G k8 , T 8 }} + 3{{ J r , G r8 }, {G kc , T 8 }} + 2if c8e {J 2 , [G ke ,{J r , G r8 }]} 

- if c8e {{ J r , G r8 }, [J 2 , G ke }}, (B43) 

[G iS , [Vf,V kc ]] + [Vf, [G l8 ,V kc ]] = -2if c8e [G ke ,{J r ,G r8 }]+d 88e {J 2 ,{G ke ,T c }} - d 88e {V kc ,{J r ,G re }} 

+ 2{{J r , G r8 }, {G k8 ,T c }} + if c8e {J k , [{J 1 , G ie }, {J r , G r8 }}} - i.f c8e {{J r , G re }, [J 2 , G k8 }} 

+ if c8e {{J r , G r8 }, [J 2 , G ke }}, (B44) 

[G l8 , [Vf,V kc ]] + [Vf, [G t8 ,V kc ]} = 5if c8e [G k8 ,{J r ,G re }] + d c8e {J 2 ,{G ke ,T 8 }} - d c8e {V k8 ,{J r ,G re }} 
+ 3{{J r , G rc }, {G ks , T 8 }} - {{J r , G r8 }, {G kc , T 8 }} + if c8e {J k , [{J 1 , G ie }, { J r , G r8 }}} 

- if c8e {{J r , G re }, [J 2 , G k8 }}, (B45) 

[Vf, [Of, G kc }] + [Of, [Vf, G kc ]} = lf<*° f**av%> + l _ f^[G k8 , {J r , G re }] + ^d c8e {J 2 , {G ke ,T 8 }} 

+ lf cSe f Se9 ^4 9 + ^r5 c8 V k8 - 2{V k8 , {G rc , G r8 }} + \d c8e {V k8 ,{J r , G re }} + \{{J r , G rc }, {G k8 , T 8 }} 
2 Nf 2 2 

- \{{J r , G r8 }, {G kc , T 8 }} + l -f c8e {J 2 , [G k8 ,{J r , G re }]} - l -f c8e {J 2 , [G ke , {J r , G r8 }}} 
-y c8e {{J r ,G r8 },[J 2 ,G ke }}, (B46) 
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[G l8 , [Of,V kc ]} + [Of, [G l8 ,V kc ]] = 6f c8e f 8e9 V kg + -d 88e {J 2 ,{G ke ,T c }} + lf^f^9 V kg + ^_ 5 88 V kc 

2 2 N f 

- 2{V kc , {G rS , G rS }} + ^d 88e {V kc , { J r , G re }} + if c8e {J 2 , [G k8 ,{J r , G re }}} - if c8e {J 2 , [G ke ,{J r , G r8 }}} 

- l*f cSe {J k , [{A G ie }, { J\ G r8 }}} + l -f cSe {{J r , G re }, [J 2 ,G k8 ]} - l -f c8e {{ J r , G r8 }, [J 2 ,G ke ]}, (B47) 

[G tS , [Vf,0\ c ]] + [Df, [G t8 ,O kc ]} = 'p c8e f e9 V k9 - l -f c8e [G k8 ,{J r ,G re }] + ^d c8e { J 2 , {G ke , T 8 }} 

+ lf cSe .f Se9 Vi 9 + ^S c8 V ks - 2{Vf , {G rc , G rS }} + \d c8e {V k8 , { J r , G re }} - \{{J r , G rc }, {G k8 , T 8 }} 
2 Nf 2 2 

+ \{{J r , G r8 }, {G fec , T 8 }} + l -f c8e {J 2 , [G k8 ,{J r , G re }}} + l -f c8e {J 2 , [G fce , { J\ G r8 }}} 

- ^f cSe V\ [{J\ G ie }, {J r , G'' 8 }]} + l -f c8e {{ J r , G re }, [J 2 , G fe8 ]}, (B48) 

In this case, the operator structure [A la , [A lb 7 A kc ]] does contain manifest large- 7V C cancellations in such a way that it is at 
most of order 0(N C ), and is consistent with expectations. 
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